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FINITENESS OF HYPERELLIPTIC AND SUPERELLIPTIC CURVES WITH
CM JACOBIANS
KE CHEN, XIN LU, AND KANG ZUO
Abstract. In this paper we study the Coleman-Oort conjecture for superelliptic curves, i.e.
curves defined by affine equations yn = F (x) with F a separable polynomial. We prove that up
to isomorphism there are at most finitely many superelliptic curves of fixed genus g ≥ 8 with
CM Jacobians. The proof relies on the geometric structures of Shimura subvarieties in Siegel
modular varieties and the stability properties of Higgs bundles associated to fibred surfaces.
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1. Introduction
This paper is dedicated to the Coleman-Oort conjecture for superelliptic Torelli locus. Our
main result is the following:
Theorem 1.1 (superelliptic Coleman-Oort). For fixed genus g ≥ 8, there exist, up to isomor-
phism, at most finitely many smooth superelliptic curves of genus g whose Jacobians are CM
abelian varieties.
The notion of superelliptic curves is generalized from the hyperelliptic case:
Definition 1.2. For an integer n > 1, an n-superelliptic curve is an algebraic curve (or simply
superelliptic curve if n is clear from the text) defined by an n-superelliptic equation, i.e. an
affine equation of the form
yn = F (x)
with F a separable polynomial (i.e. admitting no multiple root). When n = 2 we obtain the
usual notion of hyperelliptic curves. Note that the genus of such an curve can be computed
explicitly in terms of n and degF , cf. (3-6), and that for any fixed g ≥ 2, there are finitely many
possibilities of (n,degF ) such that the curve defined by yn = F (x) is of genus g.
In the rest of this section we briefly review the Coleman-Oort conjecture including its original
formulation and the superelliptic analogue of interest, and explain the main ideas in the proof.
1.1. Coleman-Oort conjecture. The original conjecture of Coleman [Col87] predicts that
when the genus g ≥ 4, there should be, up to isomorphism, at most finitely many smooth
projective complex algebraic curves of genus g whose Jacobians are CM, i.e. abelian varieties
with complex multiplication. Naturally one may restate the problem as the finiteness of CM
points in the open Torelli locus T ◦g , by which we mean the schematic image of the Torelli
morphism
j◦ :Mg → Ag, C 7→ Jac(C).
Here we write Mg resp. Ag for the moduli space of smooth projective curves of genus g with
level-ℓ structure resp. of principal polarized abelian varieties of dimension g plus level-ℓ structure,
usually denoted as Mg,ℓ resp. Ag,ℓ in the literature, with ℓ ≥ 3 a fixed integer to assure the
representability of the moduli spaces by schemes.
There have been many studies on counterexamples to the conjecture for small g. For example,
from cyclic covers of P1, typically given by families of curves over P1 with an affine equation
yn = Fλ(x)
with Fλ(x) a polynomial in x depending on an parameter λ, one obtains infinitely many curves,
non-isomorphic to each other, whose Jacobians are CM; see [Moo10] for the example with n = 9
and Fλ(x) = x(x− 1)(x− λ), in which the curves are of genus 7. This suggests that the correct
version of the conjecture should have an assumption that g is large enough (at least g ≥ 8).
On the other hand, there are also considerable positive progresses toward the conjecture.
Many of them are reformulated in terms of Shimura subvarieties in Ag (see Section 2 below for
details on Shimura varieties), justified by the Andre´-Oort conjecture affirming the behavior of
an arbitrary infinite family of CM points under taking the Zariski closure:
Theorem 1.3 (Andre´-Oort conjecture for Ag). Let Σ be an infinite subset of CM points in Ag.
Then the Zariski closure of Σ equals a finite union of Shimura subvarieties.
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There have been many works focusing on the Andre´-Oort conjecture. In [KL14] and [UY14]
the conjecture is proved for all Shimura varieties assuming the Generalized Riemann Hypothesis,
which is inspired by earlier works of Edixhoven and Yafaev, cf. [No06]. The o-minimality
approach of Pila first establishes unconditionally the case of products of Siegel modular varieties
of low genus cf. [Pil11] [PT14], and the case of general Siegel modular varieties is proved recently
by Tsimerman [Tsi15]. His proof relies on the average Faltings height conjecture of Colmez
proved by Andreatta-Goren-Howard-Madapusi Pera [AGHM15] and Yuan-Zhang[YZ15], which
are way beyond the scope of the present work. It suffices to keep in mind that this theorem
transforms the conjecture of Coleman into:
Conjecture 1.4 (Coleman-Oort). For g sufficiently large, there exists no Shimura subvariety
of positive dimension contained generically in the Torelli locus Tg in Ag.
Here Tg is the closure of T
◦
g , in which T
◦
g is open; and a Shimura subvariety M ⊂ Ag is said
to be contained generically in Tg if the intersection T
◦
g ∩M is Zariski dense open in M . We
refer to [MO13] (and the references therein) for a thorough discussion on this subject. The rich
geometry of Shimura varieties has lead to various results confirming the conjecture for many
Shimura subvarieties of prescribed type, cf. [Hai99], [JZ07], [CLZ16] etc.
1.2. Variant for n-superelliptic curves. Naturally one may formulate problems of Coleman-
Oort type for moduli spaces of curves with additional data. Define Sg,n to be the moduli space
of cyclic branched cover C → P1 defined by an n-superelliptic equation as in Definition 1.2, with
C of fixed genus g. We have the evident morphism forgetting the cover
Sg,n →Mg, (C → P
1) 7→ C,
and we write T S◦g,n for its image inside Ag under the Torelli morphism, referred to as the n-
superelliptic open Torelli locus. Similar to the case of T ◦g , it is locally closed in Ag, whose closure
T Sg,n = T S
◦
g,n is called the n-superelliptic Torelli locus. Often the integer n is omitted when it
is clear from the context.
Thanks to Theorem 1.3, we’ll focus on the following equivalent form of the main result:
Theorem 1.5. For g ≥ 8, the superelliptic Torelli locus does not contain generically any
Shimura subvariety in Ag of positive dimension.
Note that the main result is sharp due to the counterexample with g = 7 given in [Moo10]
mentioned above.
Precedent to our result, various cases of the superelliptic Coleman-Oort conjecture have been
studied by Y. Zarhin in a serious of works (see for example [Zar02], [Zar09], and the references
therein), with emphasis on the endomorphism algebras of the Jacobians when the Galois group
of the cover is the full permutation group Sd or the alternative group Ad. When n is prime to
3, the problem for the n-superelliptic Legendre family yn = x(x− 1)(x− λ) is already solved in
[JN91].
In [Moo10], Moonen has proved that the n-superelliptic Torelli locus T Sg,n itself is not a
Shimura subvariety when the genus g is at least 8. In fact the main theorem in [Moo10] gives
a complete finite list of subvarieties Z(m,N, a) ⊂ Ag which are Shimura subvarieties. Here
Z(m,N, a) is the subvariety of Jacobians of cyclic covers of P1 admitting an affine equation of
the form
ym =
∏
i=1,··· ,N
(x− ti)
ai
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for distinct points ti with local monodromy datum a = (a1, · · · , aN ). Note that the special
subvarieties obtained this way are defined by products of unitary groups and symplectic groups.
We mention also that the main result of [Ven14] implies that the monodromy group of these
Z(m,N, a) are arithmetic subgroups in the corresponding Mumford-Tate groups up to central
part under suitable constraints upon the local monodromy data. Since the fundamental group of
a Shimura variety only differs from an arithmetic subgroup of the derived part of its Mumford-
Tate group by a finite quotient, hence a general Z(m,N, a), which is of dimension N−3, cannot
be a Shimura subvariety, using a direct computation of the dimension of a Shimura variety from
its Mumford-Tate group, cf. [Moo10, formula 3.3.1].
1.3. Strategy of the proof. The proof of Theorem 1.5 is divided into two main steps: we first
reduce the proof to the case of Shimura curves (i.e. Shimura subvarieties of dimension one), and
then we exclude the existence of Shimura curves using the stability properties of the associated
logarithmic Higgs bundles.
The reduction to the Shimura curves is formulated as follows:
Theorem 1.6. The superelliptic Torelli locus contains generically some Shimura subvariety of
positive dimension if and only if it contains generically some Shimura curve.
In fact one first reduces the above theorem to the statement for simple Shimura varieties of
positive dimension, cf. Lemma 2.11; and then the boundary behavior of Baily-Borel compactifi-
cation implies the dimensional reduction to Shimura curves, using the crucial property that the
open n-superelliptic Torelli locus contains no compact (i.e. complete) curves. Note that when
n = 2, the open hyperelliptic Torelli locus is affine, while the general superelliptic case follows
from Theorem 4.5.
Based on the above dimension reduction, the main theorem is thus reduced to:
Theorem 1.7. For any fixed g ≥ 8, there does not exist any Shimura curve contained generically
in the Torelli locus of superelliptic curves of genus g.
The proof of Theorem 1.7 is the most technical part of our paper. The main idea is to study
the logarithmic Higgs bundle for the family of semi-stable superelliptic curves associated to
such a possible Shimura curve C contained generically in T Sg,n, in particular its eigenspace
decomposition with respect to the action of the cyclic group G ∼= Z/nZ. We apply Viehweg-
Zuo’s characterization for Shimura curves by the maximality of Higgs fields on Higgs eigen
sub-bundles and the geometrical properties of this family to obtain a new fibration on the total
space of this family with some extra properties, and deduce a contradiction by analyzing this
new fibration, which establishes Theorem 1.7. More precisely:
(i). Let f¯ : S → B be the family of semi-stable superelliptic curves representing such a possible
Shimura curve C with semi-stable singular fibres Υ ⊂ S over the discriminate locus ∆ ⊂ B,
cf. Definition 3.1. Then there exists a global action of G ∼= Z/nZ on S (after a possible base
change of B), which induces an action on the logarithmic Higgs bundle
(E1,0
B
⊕ E0,1
B
, θB) :=
(
f¯∗Ω
1
S/B
(log Υ)⊕R1f¯∗OS , θB
)
corresponding to the Q-local system VB := R
1f¯∗(QS¯\Υ) on B = B¯ \∆ under the Simpson
correspondence, cf. [Sim90]. Hence one obtains an eigen-space decomposition
(E1,0
B
⊕ E0,1
B
, θB) =
n−1⊕
i=0
(E1,0
B
⊕ E0,1
B
, θB)i
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corresponding to the G-action on
VB ⊗ C =
n−1⊕
i=0
Vi.
By [VZ04] there is a unique strictly maximal decomposition
(E1,0
B
⊕ E0,1
B
, θB) = (A
1,0
B
⊕A0,1
B
, θB |A)⊕ (F
1,0
B
⊕ F 0,1
B
, 0)
such that θB|A is an isomorphism at the generic point and (F
1,0
B
⊕ F 0,1
B
, 0) corresponds to
the maximal unitary local sub-system VuB ⊂ VB ⊗C. The above decomposition is stabilized
by the action of G ∼= Z/nZ. In particular, there is an induced eigen-space decomposition
(F 1,0
B
⊕ F 0,1
B
, 0) =
n−1⊕
i=0
(F 1,0
B
⊕ F 0,1
B
, 0)i,
which corresponds to the eigen-space decomposition
VuB =
n−1⊕
i=0
VuB,i.
As the first step, we show that (F 1,0
B
⊕ F 0,1
B
, 0) 6= 0 in our situation.
(ii). If F 1,0
B
≃ O⊕r
B
is a trivial vector bundle (up to a suitable base change of B) and if there
exists an irregular fibration f¯ ′ : S → B
′
such that those 1-forms in H0(S,Ω1
S
) coming from
F 1,0
B
⊂ f¯∗Ω
1
S/B
(log Υ) are pulled back of 1-forms on B
′
via f¯ ′, then one can easily derive a
contradiction from the existence of f¯ ′ once g ≥ 8, cf. Lemma 3.7. However, it is a priori not
clear whether such a fibration always exists in general.
We try to achieve this by looking at first the most simple case when C is non-compact,
g ≥ 8 and n = p ≥ 5 is a prime number. In this case, by [VZ04, § 4] for non-compact
Shimura curves one deduces that VuB is just the maximal trivial local subsystem V
tr
B ⊂ VB
(up to a possible base change), or equivalently (F 1,0
B
⊕ F 0,1
B
, 0) is a trivial vector bundle.
Note that VtrB ⊂ VB is a local subsystem defined over Q, and hence the local subsystem
of Q(ξp)-vector spaces V
tr
B ⊗ Q(ξp) ⊂ VB ⊗ Q(ξp) is stabilized by the action of the Galois
group Gal
(
Q(ξp)/Q
)
. Since p is prime, Gal
(
Q(ξp)/Q
)
induces a transitive permutation on
the eigen-subspaces
VtrB ⊗Q(ξp) =
⊕
i
VtrB,i.
Applying the Hurwitz-Chevalley-Weil formula (cf. [MO13, Propsition 5.9]) to ramified cyclic
covers of P1, together with the strictly maximal decomposition and the transitivity of the
Gal
(
Q(ξp)/Q
)
-action, one sees that
rankF 1,0
B,(p−1)/2
≥ rankF 1,0
B,(p+1)/2
> 0.
Take any two non-zero holomorphic 1-forms α and β, which come from F 1,0
B,(p−1)/2
and
F 1,0
B,(p+1)/2
respectively. Then the wedge product α ∧ β is a G-invariant holomorphic 2-form,
hence descends to a holomorphic 2-form on the ruled surface S/G → B. As all 2-forms on
a ruled surface vanish, we get α ∧ β = 0. Now applying the Castelnuovo-de Franchis lemma
(cf. [BHPV04, Theorem IV-5.1]) to α, β, one finds a fibration f¯ ′ : S → B
′
such that α and
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β are pulled back from holomorphic 1-forms on B
′
via f¯ ′. In fact, all holomorphic 1-forms
from F 1,0
B,(p−1)/2
⊕ F 1,0
B,(p+1)/2
are obtained in this way. Note that the pull-back map
(f¯ ′)∗ : H1(B
′
,Q)→ H1(S,Q)
is defined over Q and the Hodge symmetry (under the complex conjugation) gives
F 1,0
B,(p−1)/2
= F 0,1
B,(p+1)/2
.
This implies that all holomorphic and anti-holomorphic 1-forms from F 1,0
B,(p+1)/2
⊕F 0,1
B,(p+1)/2
are pulled back via f¯ ′; or equivalently, all classes in H1
(
S,Q(ξp)
)
(p+1)/2
=
(
H1(S,Q) ⊗
Q(ξp)
)
(p+1)/2
are pulled back of classes from H1(B
′
,Q(ξp)) via f¯
′. Finally the transitivity of
Gal
(
Q(ξp)/Q
)
-action implies that all classes from F 1,0
B
and F 0,1
B
are pulled back via f¯ ′. In
particular, the 1-forms in H0(S,Ω1
S
) coming from F 1,0
B
⊂ f¯∗Ω
1
S/B
(log Υ) are pulled back of
1-forms on B
′
via f¯ ′
When C is compact, the situation is much more complicated, mainly due to two difficulties:
(1) the flat subbundle F 1,0
B
does not have to be trivial, even after any finite base changes.
(2) the Gal
(
Q(ξp)/Q
)
-action does not stablilize the unitary local sub-system VuB ⊂ VB⊗C.
Thereby the above argument in the non-compact case no longer works here. To remedy the
situation we establish a slope inequality, cf. Lemma 4.21, which implies, together with the
Akakelov equality for characterizing Shimura curves and the Miyaoka-Yau type inequality,
that F 1,0
B,im
6= 0 for some im > p/2 in the case when n = p is prime. Applying the local prop-
erty of the eigen-sheaves of differential forms of cyclic covers described by Esnault-Viehweg
[EV92] together with the Bogomolov lemma [Sak80, Lemma 7.5] and Deligne’s lemma on
the triviality of rank one Higgs bundle [Del71, § 4.2], one proves the triviality of F 1,0
B,i
’s with
p − im ≤ i ≤ im. This again enables us to produce a new fibration on S by the same type
of arguments as in the non-compact case such that a “large part” of 1-forms from F 1,0
B
are
pulling-backs of 1-forms via this new fibration, which is sufficient to derive a contradiction
for the case when g ≥ 8 and p is prime.
(iii). The general case (i.e., when n is not prime) follows by induction on the number of prime
factors in n. If n is not prime and n1 | n, there is natural way to define a map ρn,n1 from C to
T Sg1,n1 once a superelliptic automorphism group is chosen on the general fiber of f¯ . Here g1
is the genus for the n1-superelliptic curve y
n1 = F (x) using the same separable polynomial
F as before. The key point for the induction process is to prove that ρn,n1(C) is again a
Shimura curve generically contained in T Sg1,n1 when n1 is maximal possible. By induction,
it suffices to deal with the cases when g ≥ 8 but g1 < 8, and only finitely many possibilities
arise. We apply to each of these cases the same idea used in the p-superelliptic case, and
derive a contradiction for each of them.
Remark 1.8. The hyperelliptic case (n = 2) of the main theorem has already been established
in our unpublished preprint [CLZ15]. However, soon after the announcement in [CLZ15], we
realize that the same idea should be fruitful for general superelliptic curves, which has thus
grown into the present uniform treatment.
The paper is organized as follows. In Section 2 we recall some preliminaries on Shimura
subvarieties and present the dimensional recurrence so that the main theorem is reduced to
FINITENESS OF HYPERELLIPTIC AND SUPERELLIPTIC CURVES WITH CM JACOBIANS 7
the exclusion of Shimura curves. In Section 3, we prove Theorem 1.7 along the idea explained
above, and hence complete the proof of the main theorem. Finally in Section 4 we provide the
necessary technical preparations for various numerical properties about families of superelliptic
curves, which are used in Section 3.
Notations.
(1) Let a and b be two non-zero integers. We write a | b if a divides b, i.e., if b = ac for some
integer c.
(2) If x is a rational number, we denote its integral part and fractional part by [x] and {x}
respectively; e.g.,
[
5
3
]
= 1 and
{
5
3
}
= 23 .
(3) For an n-superelliptic curve in Definition 1.2 defined by yn = F (x), we denote by α0 =
deg(F ) the degree of F (x), and
(1-1) α =
{
α0, if n | α0;
α0 + 1, if n 6 | α0.
2. Shimura subvarieties and dimensional reduction
2.1. Shimura varieties and Shimura curves. We first review briefly some facts needed for
Shimura varieties, including a rough classification of Shimura curves.
The Shimura varieties we use in this paper are actually the connected Shimura varieties defined
as in [CLZ16] and [LZ14], and standard notations such as S = ResC/RGm, G(Q)
+, etc. follow
the convention in [Del79] and [Mil05]. It suffices to bear in mind that our Shimura varieties are
complex algebraic varieties of the form Γ\X+, where:
• X+ comes from a connected Shimura datum (G,X;X+) as in [CLZ16, Definition 2.1.3];
in particular, (G,X) is a Shimura datum in the sense of [Del79] and X+ is a connected
component of X, which is also an Hermitian symmetric domain;
• Γ is a congruence subgroup ofGder(Q)+; see also [CLZ16, Remark 2.1.5] for the difference
between the choice of Γ ⊂ Gder(Q)+ and congruence subgroups in G(Q)+, arithmetic
subgroups in Gad(Q)+, etc.
Inside Γ\X+ we have Shimura subvarieties associated to Shimura subdata, cf. [CLZ16, Defini-
tion 2.1.4]. The zero-dimensional ones among them are called CM points, motivated by classical
CM points in Siegel modular varieties.
Remark 2.1. Note that any Shimura variety contains a Zariski dense subset of CM points, and the
Andre´-Oort conjecture studies the converse of this property. In fact starting with an arbitrary
Shimura datum (G,X), a point x ∈ X is actually an R-group homomorphism S → GR, and it
is conjugate, under G(R), to some x′ : S → GR having image in some TR with T a Q-torus in
G, which gives (T, x′) ⊂ (G,X) a subdatum defining a CM point in Γ\X+.
It is useful to mention the following result from [Moo98]
Theorem 2.2 (Moonen). Let M be a Shimura variety defined by (G,X;X+) and let Z ⊂ M
be a closed irreducible subvariety (over C) . Then Z is a Shimura subvariety if and only if it is
totally geodesic and contains a CM point.
The theorem implies that being a Shimura subvariety or not can be verified over the universal
covering ℘ : X+ →M : Z is a Shimura subvariety if and only if one of the geometric irreducible
component Z+ in ℘−1(Z) ⊂ X+ is an equivariantly embedded Hermitian symmetric subdomain
containing some point y ∈ X+ such that y(S) ⊂ TR for some Q-torus T in G, i.e. (T, y) is a
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subdatum of (G,X;X+) defining some CM point. Here an Hermitian symmetric domain X ′+
is said to be equivariantly embedded in X+ if it is defined by some semi-simple Lie subgroup G′
of Gad(R)+ and the inclusion X ′+ →֒ X+ is equivariant with respect to G′ →֒ Gad(R)+ sending
a Cartan involution of G′ to a Cartan involution of Gad(R)+, in the sense of [Sat65].
Example 2.3 (Siegel modular varieties). In this paper Ag is the Shimura variety Γg(ℓ)\X
+
g
defined by (GSp2g,Xg;X
+
g ), where GSp2g is the Q-group of symplectic similitude on the standard
symplectic Q-space Q2g, Xg is the double half space of Siegel of genus g, and X
+
g is the upper half
space. The group Γg(ℓ) is the principal congruence subgroup of level-ℓ in Sp2g(Z), equal to the
kernel of the reduction modulo ℓ: Sp2g(Z)→ Sp2g(Z/ℓ), where for simplicity we choose ℓ to be
an odd integer at least 3. It is well-known that Ag represents the moduli functor parametrizing
principally polarized abelian varieties with full level-ℓ structure.
Problems of Coleman-Oort type only involve Shimura subvarieties in Ag = Ag,ℓ. Since we
have chosen ℓ large enough which makes Γg(ℓ) torsion free, the Shimura subvarieties are smooth
complex submanifolds in Ag.
Example 2.4 (Shimura curves). Shimura curves are one-dimensional Shimura varieties, hence
they are associated to Shimura data of the form (G,X;X+) with X+ the Poincare´ upper half
plane, which is the only one-dimensional Hermitian symmetric domain. This forces Gad to be
of the form ResL/QH where L is some totally real number field and H is an F -form of PGL2;
moreover, H becomes PGL2,R along exactly one real embedding σ = σ1 : L →֒ R, and it is
compact along the other real embeddings σ2, · · · , σd : L →֒ R.
In this paper we are interested in Shimura curves inside Ag, and these curves are given by
Shimura subdata (G,X;X+) of (GSp2g,Xg;X
+
g ). If the Q-group G
der = ResL/QH as above
comes from an L-form H of PGL2, then the variation of Hodge structures (VHS for short) on
X+ associated to any algebraic representation of G is of even weights, which contradicts the
existence of the canonical VHS of odd weight associated to the standard symplectic represen-
tation (equivalently from the universal abelian scheme of the moduli problem). Hence H is an
L-form of SL2. The classification of such H is found in [PR94]:
(i) H is an inner form of SL2, realized as the kernel of Nrd : G
D/L
m → Gm,L where D is a
quaternion L-algebra, G
D/L
m is the L-group sending an L-algebra R to (R ⊗L D)
×, and
Nrd is the reduced norm map;
(ii) H is an outer form of SL2, which is the derived group of a unitary L-group U:
(ii-a) either U is the L-group of automorphisms of an Hermitian form E2 × E2 → E for
an imaginary quadratic extension of L;
(ii-b) or for some imaginary quadratic extension E over L and some quaternion division
E-algebra D there exists an involution ∗ of second hand on D together with a
∗-Hermitian form D ×D → E, of which U is the L-group of automorphisms com-
muting with the natural action of D. (Note that (ii-a) can be seen as the case when
D = Mat2(E).)
It is also known that Shimura curves associated to (G,X;X+) are compact (i.e. proper) if
and only if the Q-rank of Gad is zero.
The following result will be used later in Corollary 4.26.
Lemma 2.5. Let C ⊂ Ag be a compact Shimura curve, with EC the Higgs bundle on C associated
to the universal abelian scheme over C defined by the moduli problem. Write EC = FC ⊕ AC
for the decomposition into the flat part and the maximal part. Then the rank of AC is divided
by 4, namely the rank of A1,0C is even.
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Proof. The decomposition of Higgs bundles EC = FC ⊕AC is determined by the representation
of the fundamental group of C and is invariant under base change, which in turn is determined
by the algebraic representation Gder → Sp2g on Q
2g, following [CLZ16]. From the classification
in [Sat67], we see that Gder → Sp2g decomposes as Q
2g = T ⊕ V , where the action of Gder on
T is trivial, and the Q-vector space V has the structure of an F -subspace, such that the action
of Gder is the scalar restriction from an L-group homomorphism H→ SpV,L for some F -linear
symplectic structure on V . Moreover, following the cases listed in Example 2.4:
(i) if L is totally real and H comes from a quaternion L-algebra D, then V is a D-vector
space, and D must be a division L-algebra because C is compact and Gder is of Q-rank
zero; this forces the L-dimension of V to be a multiple of 4;
(ii) if for some CM field E of real part L and degree 2d over Q, and H is associated to D a
quaternion E-algebra:
(ii-a) either D ≃ Mat2(E), and V is a direct sum of copies of the standard representation
of H on E2, whose E-dimension is even, and L-dimension is divided by 4;
(ii-b) or D is a quaternion division E-algebra, and V is a D-vector space, whose E-
dimension is divided by 4 and L-dimension divided by 8.
Hence the Q-dimension of V , which also equals the rank of AC , must be a multiple of 4d, with
d the degree of L. 
2.2. Dimensional reduction. In this subsection we recall some properties of Shimura varieties,
with focus on Shimura subvarieties in Ag, and explain the reduction of the main result to the
exclusion of Shimura curves.
Lemma 2.6 (finite intersection). The collection of finite unions of Shimura subvarieties in Ag
is stable under finite intersections.
Proof. As is explained in [DM86], Shimura subvarieties inAg are geometrically connected compo-
nent of moduli subspaces parametrizing principally polarized abelian varieties with prescribed
Hodge classes. It is clear that for two such moduli subspaces M1 and M2, the intersection
M1 ∩M2 remains a moduli subspace by joining the two sets of Hodge classes defining M1 and
M2 respectively. Hence if M
+
1 ⊂M1 and M
+
2 ⊂M2 are Shimura subvarieties given as their con-
nected components, then M+1 ∩M
+
2 is a finite union of Shimura subvarieties that are connected
components in M1 ∩M2. This shows that the collection of finite unions of Shimura subvarieties
in Ag is stable under finite intersection. 
Shimura varieties are in general non-complete, and among the various theories of compactifi-
cation we simply mention the minimal one:
Theorem 2.7 (Baily-Borel compactification). Let M = Γ\X+ be a Shimura variety. Then the
following hold:
(1) M is a normal quasi-projective algebraic variety over C. It admits a compactification,
called the Baily-Borel compactification MBB, which is a projective algebraic variety over C
containing M as a dense open subvariety, together with the universal property that if M → Z is
a morphism of complex algebraic varieties with Z projective, then it admits a unique factorization
of the form M →֒MBB → Z.
(2) The boundary components of M , i.e. irreducible components of MBB\M , are of codimen-
sion at least 2, unless Gad admits a Q-factor isomorphic to PGL2,Q.
(3) If f : (G′,X ′;X ′+) → (G,X;X+) is a morphism of connected Shimura data compatible
with the choices of congruence subgroups Γ′ ⊂ Γ in G′der(Q)+ and in Gder(Q)+ respectively,
10 KE CHEN, XIN LU, AND KANG ZUO
then the evident map M ′ = Γ′\X ′+ → M = Γ\X+ extends uniquely to the compactifications
M ′BB →MBB.
In fact from [BB66] we know that the boundary components are lower dimensional Shimura
subvarieties associated to proper parabolic Q-subgroups of G. In particular, if G admits no
proper parabolic Q-subgroups, then no boundary component is needed, and the Shimura variety
in question is projective itself.
Corollary 2.8 (boundary components). Let M = Γ\X+ be a Shimura variety defined by
(G,X;X+) and a congruence subgroup Γ ⊂ Gder(R)+. Let M ′ ⊂ M be a Shimura subvari-
ety defined by some subdatum (G′,X ′;X ′+) such that G′ad admits no Q-factor isomorphic to
PGL2,Q. Write M
′
for the closure of M ′ inside MBB , then the irreducible components of M
′
\M ′
are of codimension at least 2 in M
′
.
Proof. The closed immersion M ′ →֒M extends to a morphism between their compactifications
M ′BB → MBB , which is generically injective, and the closure M
′
of M ′ in MBB is also the
closure of the image of M ′BB . The conclusion is clear because M ′BB only joints to M ′ finitely
many boundary components of codimension at least 2. 
We also need the notion of decomposable locus in Ag.
Definition 2.9 (decomposable locus). A principally polarized abelian variety A over C is said
to be decomposable if it is isomorphic to a direct product A = A1 × A2 with A1 and A2 both
principally polarized of dimension > 0 whose polarizations induce the polarization of A. We
thus get the locus Adecg ⊂ Ag of decomposable principally polarized abelian varieties.
Lemma 2.10. The decomposable locus Adecg is a finite union of Shimura subvarieties in Ag.
Proof. It suffices to notice that if a g-dimensional principally polarized abelian variety A ad-
mits a decomposition A ≃ A1 × A2 as in Definition 2.9, with dimA1 = m > 0 and dimA2 =
g − m > 0, where we assume for simplicity m ≤ g − m, then the point in Ag correspond-
ing to A lies in the Shimura subvariety Am,g−m of Ag which is defined by the subdatum
(GSp2m,2g−2m,Xm,g−m;X
+
m,g−m).
Here GSp2m,2g−2m is the Q-subgroup of GSp2g consisting of symplectic similitude on Q
2g
preserving the direct sum Q2g = Q2m ⊕ Q2g−2m into two symplectic Q-subspace using the
evident symplectic basis, X+m,g−m = X
+
m × X
+
g−m is the product of two Siegel upper half spaces,
and Xm,g−m is the orbit of Xm,g−m inside Xg under GSp2m,2g−2m(R). Since GSp
der
2m,2g−2m =
Sp2m × Sp2g−2m ⊂ Sp2g, one verifies easily that Xm,g−m consists of only two copies of X
+
m,g−m.
The conclusion is thus clear because
Adecg =
⋃
1≤m≤g/2
Am,g−m
is a finite union of Shimura subvarieties. 
In the rest of this section we prove the reduction of the main results to the exclusion of Shimura
curves. We first reduce to the case where the Shimura subvarieties in question are simple, i.e.
defined by Shimura data (G,X;X+) with Gad simple Q-groups, essentially because non-simple
Shimura varieties admit proper Shimura subvarieties, and their Hecke orbits are Zariski dense.
We start with the fact that a non-simple Shimura variety contains proper Shimura subvariety
of dimension > 0, the proof of which is reduced to the following lemma on subdata of non-simple
Shimura data.
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Lemma 2.11 (non-simple Shimura varieties). Let (G,X;X+) be a connected Shimura datum,
which is non-simple in the sense that Gad is non-simple as a Q-group. Let M = Γ\X+ be a
Shimura variety associated to it. Then M contains proper Shimura subvarieties M ′ ( M of
dimension > 0.
Proof. We first consider the case where G = Gad. Write G =
∏r
i=1Gi for the decomposition
into the direct product of two semi-simple Q-groups of adjoint type, each of which admits no
compact Q-factors as G does. Take a base point x ∈ X+, the composition xi : S
x
→ GR → Gi,R
induces a Shimura datum (Gi,Xi;X
+
i = Gi(R)
+xi) and we have a decomposition of Shimura
data (G,X;X+) ≃ (G1,X1;X
+
1 ) × (G2,X2;X
+
2 ). Note that dimXi > 0 for i = 1, 2, hence
we may form subdata in (G,X;X+) of the form (G′,X ′;X ′+) = (T1, y1) × (G2,X2;X
+
2 ) with
T1 some Q-torus in G1 by Remark 2.1, and it defines a proper Shimura subvariety because
0 < dimX ′ = dimX2 < dimX.
In general, to produce a proper Shimura subvariety amounts to find an equivariantly em-
bedded Hermitian symmetric subdomain X ′+ in X+ containing some CM point x′ according
to Theorem 2.2. The subdomain X ′+ can be found using only the Shimura (Gad,Xad;X+)
because X+ is homogeneous under Gad(R)+ (here we put Xad the orbit of X+ under Gad(R)).
We may simply take X ′+ from a subdatum (G′,X ′;X ′+) of (Gad,Xad;X+) as in the adjoint
case above. Note that the evident morphism (G,X;X+) → (Gad,Xad;X+) is the identity on
X+ with G → Gad the canonical projection modulo the center of G, hence a CM point given
by (T, x) ⊂ (Gad,Xad;X+) lifts uniquely to (H, y) ⊂ (G,X;X+): here H is the pre-image of
T in G, which remains a Q-torus, and y is the same point as x, viewed as a homomorphism
S→ GR which reduces to x modulo the center. 
Inside a Shimura variety M = Γ\X+ defined by (G,X;X+) we can talk about Hecke trans-
lation associated to elements in G(Q)+, as is defined in [CLZ16][Definition 2.1.9]. We also have
the following:
Lemma 2.12 (density of Hecke orbits). Let M ⊂ Ag be a Shimura subvariety defined by
(G,X;X+), which is contained generically in T Sg,n.
(1) Assume that M contains a proper Shimura subvariety M ′ (M of dimension > 0 defined
by some subdatum (G′,X ′;X ′+). Then there exists a Hecke translate M ′′ = ℘(qX ′+) of M ′ in
M contained generically in T Sg,n.
(2) It suffices to prove the main theorem for M such that Gad is Q-simple.
Proof. (1) This is exactly the same as [CLZ16, Lemma2.1.10] when one replaces the usual Torelli
locus Tg by T Sg,n.
(2) Assume thatM is defined by some subdatum (G,X;X+) such thatGad is NOT Q-simple.
Then by Lemma 2.11 (G,X;X+) contains some subdatum (G′,X ′;X ′+) with 0 < dimX ′+ <
dimX+. It defines a Shimura subvariety M ′ ⊂ M of dimension > 0. If M is not contained
generically in T Hg, then after passing to a suitable Hecke translate we may assume that M
′ is
contained generically in T Hg, and to prove the main theorem it suffices to exclude the generic
inclusion of M ′ in T Hg. 
Aside from the basic properties of Shimura varieties listed above, we need the following crucial
fact:
Theorem 2.13. The open n-superelliptic Torelli locus T Sg,n contains no complete curves.
This is a consequence of Theorem 4.5 studied in Section 4: if T Sg,n contains a complete
curve C, then the family of n-superelliptic curves f¯ : S → B representing C is smooth, i.e.
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admits no singular fibers. This would give a Hodge bundle f¯∗ωS/B of degree 0 by the formulas
in Theorem 4.5 (see also [CH88, Proposition 4.7] for the hyperelliptic case), which is absurd.
Remark 2.14. When treating the hyperelliptic case in the unpublished preprint [CLZ15], we
have made use of the stronger property that the hyperelliptic open Torelli locus is affine. For
the general n-superelliptic case the affiness is not true, but it suffices to exclude complete curves
like above.
Theorem 2.15 (dimensional reduction). If the n-superelliptic Coleman-Oort conjecture holds
for Shimura curves in Ag, then it holds for any Shimura subvarieties in Ag.
Proof. By Lemma 2.12, it suffices to consider the case where M is a simple Shimura variety
in Ag of dimension ≥ 2, defined by some Shimura datum (G,X;X
+). This implies that Gad
admits no Q-factor isomorphic to PGL2,Q. Write M for the closure of M in the Baily-Borel
compactification ABBg , whose boundary components in M\M are of codimension at least 2.
One may thus take a generic projective curve C ⊂M which meets M\M trivially.
If the singular locus in T Sg,n, namely the intersection T S
sing
g,n := T Sg,n ∩ A
dec
g , also meets
M in codimension at least 2, then we may further choose C meeting T Ssingg,n trivially. But this
would produce a projective curve C contained in T S◦g,n which contradicts Theorem 2.13. Hence
at least one of the irreducible components in T Ssingg,n ∩M = A
dec
g ∩M is of codimension 1 in M .
Sinc Adecg is a finite union of Shimura subvarieties in Ag, we deduce that A
dec
g ∩M is a finite
union of Shimura subvarieties, one of which is of codimension 1 in M . Hecke translation moves
it into a proper Shimura subvariety M ′ ( M contained generically in T Sg,n of strictly lower
dimension, and the reduction is proved. 
3. Exclusion of Shimura curves generically in the superelliptic Torelli locus
In this section, we prove Theorem 1.7. In Section 3.1, we briefly recall the construction of the
family of semi-stable curves representing a Shimura curve contained generically in the Torelli
locus, and derive some general restraints for such families. In Section 3.2, we prove Theorem 1.7
for the special case when n = p is prime. In Section 3.3, we complete the proof of Theorem 1.7
for general n by induction on the number of prime factors contained in n.
3.1. Representation of a Shimura curve by a family of semi-stable curves. In this sec-
tion we associate a family of semi-stable curves to a given Shimura curve contained generically
in the Torelli locus, and we analyze some numerical properties of its Higgs bundle. The con-
struction of the family is similar to [LZ14, § 3], which is briefly recalled for readers’ convenience.
For ℓ the fixed integer indicating the level structures as before, letMctg =M
ct
g,ℓ ⊇Mg =Mg,ℓ
be the partial compactification of the moduli space of smooth projective genus-g curves with
level-ℓ structure by adding stable curves with compact Jacobians. When n ≥ 3, it carries a
universal family of stable curves with compact Jacobians (cf. [Pop77])
f : Sctg −→M
ct
g .
The Torelli morphism jo can be naturally extended to Mctg :
j : Mctg −→ Ag, with Tg = j
(
Mctg
)
.
The morphism jo is 2:1 and ramified exactly over the locus of hyperelliptic curves (cf. [OS80]).
However, the relative dimension of j is positive along the boundary Tg \ T
o
g .
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Let C be any smooth closed curve contained generically in Tg, and B be the normalization
of the strict inverse image j−1(C) of C. Denote by jB : B → C the induced morphism. If B is
reducible, then we replace B by one of its irreducible components. By pulling back the universal
family f : Sctg → M
ct
g to B and resolving the singularities, we obtain a family f : S → B of
semi-stable curves that extends uniquely to a family f¯ : S → B of semi-stable curves over the
smooth compactification B ⊇ B.
Definition 3.1. The family f¯ : S → B is called the family of semi-stable curves representing
C ⊆ Tg via the Torelli morphism.
We briefly recall some basic properties of the family f¯ as follows, more details of which are
found in [LZ14, § 3].
(i) Let C be the compactification of C by joining a finite set of cusps ∆C . The morphism
jB : B → C extends uniquely to a morphism jB : B → C such that ∆nc := B\B = j
−1
B
(∆C).
Denote by h : X → C the universal family of abelian varieties over C, and by Υ ⊆ S the sin-
gular fibers over the discriminate locus ∆ ⊆ B of f¯ . Let VC := h∗QX (resp. VB := f¯∗QS\Υ)
be the Q-local system over C (resp. B), and
(
E1,0
C
⊕ E0,1
C
, θC
)
and
(
E1,0
B
⊕ E0,1
B
, θB
)
be
the corresponding logarithmic Higgs bundles via Simpson’s correspondence over C and B
respectively. Then
(3-1)
(
E1,0
B
⊕ E0,1
B
, θB
)
∼= j∗B
(
E1,0
C
⊕ E0,1
C
, θC
)
.
(ii) The morphism jB is either an isomorphism or a double cover. In the first case,
degE1,0
B
= degE1,0
C
, degΩ1
B
(log∆nc) = degΩ
1
C
(log∆C);
and in the second case,
degE1,0
B
= 2degE1,0
C
, degΩ1
B
(log∆nc) = 2degΩ
1
C
(log∆C) + |Λ|,
where Λ ⊆ B is the ramification locus of the double cover jB : B → C. Moreover, any fiber
over Λ is a semi-stable (possibly singular) hyperelliptic curve with a compact Jacobian.
(iii) Let
(3-2)
(
E1,0
B
⊕ E0,1
B
, θB
)
=
(
A1,0
B
⊕A0,1
B
, θB
∣∣
A1,0
B
)
⊕
(
F 1,0
B
⊕ F 0,1
B
, 0
)
be the decomposition of the associated Higgs bundle into its ample and flat parts. Then
the curve C is a Shimura curve,
⇐⇒

degE1,0
B
= degA1,0
B
=
rankA1,0
B
2
· degΩ1
B
(log∆nc), if deg(jB) = 1;
degE1,0
B
= degA1,0
B
=
rankA1,0
B
2
·
(
degΩ1
B
(log∆nc)− |Λ|
)
, if deg(jB) = 2.
In particular, if there is no hyperelliptic fiber over B, then Λ = ∅ and hence
(3-3) C is a Shimura curve, ⇐⇒ degE1,0
B
= degA1,0
B
=
rankA1,0
B
2
· degΩ1
B
(log∆nc).
(iv) If C is a non-compact Shimura curve, then
(3-4) g(F ) = rankF 1,0
B
, for any fiber F over ∆nc = j
−1
B
(∆C),
where g(F ) is the geometric genus of F .
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In the case when C is contained generically in the superelliptic Torelli locus, the family f¯
constructed above is subject to more restraints. In the rest part of this subsection, we always
assume that C is contained generically in T Sg,n.
Fix ξ a primitive n-th root of 1 which gives the a trivialization G ∼= Z/nZ. For an n-
superelliptic curve F defined as in Definition 1.2, the map given by y 7→ ξy defines a natural
action of the group G ∼= Z/nZ on the n-superelliptic curve F .where ξ is any primitive n-
th root of 1. We call G an n-superelliptic automorphism group of F , and the induced cover
π : F → F/G ∼= P1 an n-superelliptic cover. To give an overview of the restraints, let us assume
for the moment that the group G ∼= Z/nZ admits an action on the surface S whose restriction
on the general fiber is the n-superelliptic automorphism group. In fact, one can achieve this by
a suitable finite base change (not necessarily e´tale); see Remarks 3.8 (iii) below.
Since the group G ∼= Z/nZ admits an action on the surface S, it induces a natural action on
the cohomological groups of S, and on the local system VB := R
1f¯∗QS\Υ and hence also on its
associated logarithmic Higgs bundle
(
E1,0
B
⊕E0,1
B
, θB
)
. In our case, the Higgs bundle has the
form
E1,0
B
∼= f¯∗Ω
1
S/B
(log Υ), E0,1
B
∼= R1f¯∗OS ,
and the Higgs field
θB : E
1,0
B
−→ E0,1
B
⊗ ΩB(log∆nc)
is induced by the edge morphism of the tautological sequence
0 −→ f¯∗Ω1
B
(log∆) −→ Ω1
S
(log Υ) −→ Ω1
S/B
(log Υ) −→ 0.
Consider the corresponding eigenspace decompositions
(3-5) VB ⊗ C =
n−1⊕
i=0
VB,i;
(
E1,0
B
⊕ E0,1
B
, θB
)
=
n−1⊕
i=0
(
E1,0
B
⊕ E0,1
B
, θB
)
i
.
Since the quotient Y = S/G is ruled over B, it follows that
VB,0 = 0, and
(
E1,0
B
⊕ E0,1
B
, θB
)
0
= 0.
Moreover, if we assume that the general fiber is given by yn = F (x) with a separable polynomial
F (x) of deg(F ) = α0, then according to the Riemann-Hurwitz formula and a formula due to
Hurwitz-Chevalley-Weil (cf. [MO13, Proposition 5.9]), one has
(3-6) g =
n−1∑
i=1
rankE1,0
B,i
=

(n− 1)(α0 − 2)
2
, if n |α0,
(n− 1)(α0 − 2) +
(
n− gcd(α0, n)
)
2
, if n 6 | α0;
(3-7) rankE1,0
B,i
= rankE0,1
B,n−i
=

(n− i)α0
n
− 1, if n | α0, or n 6 | α0 and
(n− i)α0
n
∈ Z,[(n− i)α0
n
]
, if n 6 | α0 and
(n − i)α0
n
6∈ Z.
By [Fuj78b, Kol87], the Higgs bundle admits a natural decomposition(
E1,0
B
⊕ E0,1
B
, θB
)
=
(
A1,0
B
⊕A0,1
B
, θB
∣∣
A1,0
B
)
⊕
(
F 1,0
B
⊕ F 0,1
B
, 0
)
,
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where A1,0
B
is ample, and F 1,0
B
⊕F 0,1
B
is flat corresponding to a unitary local subsystem VuB ⊆ VB⊗
C. The eigenspace decomposition on
(
E1,0
B
⊕ E0,1
B
, θB
)
induces thus eigenspace decompositions
on its associated subbundles:
(3-8)

(
A1,0
B
⊕A0,1
B
, θB
∣∣
A1,0
B
)
=
n−1⊕
i=1
(
A1,0
B
⊕A0,1
B
, θB
∣∣
A1,0
B
)
i
,
(
F 1,0
B
⊕ F 0,1
B
, 0
)
=
n−1⊕
i=1
(
F 1,0
B
⊕ F 0,1
B
, 0
)
i
.
By construction, each local subsystem VB, i is defined over the n-th cyclotomic field Q(ξn),
where ξn is a primitive n-th root of 1. Thus the arithmetic Galois group Gal
(
Q(ξn)/Q
)
has a
natural action on the above decompositions (3-5) and (3-8).
Lemma 3.2. Let f¯ : S → B be the family of semi-stable curves representing a Shimura curve
C contained generically in T Sg,n as above. Let V
tr
B, i ⊆ VB, i be the trivial local subsystem, and((
F 1,0
B,i
)tr
⊕
(
F 0,1
B,i
)tr
, 0
)
be the associated trivial flat subbundle. If VB, i and VB, j are in one
Gal
(
Q(ξn)/Q
)
-orbit, then
rankVtrB, i = rankV
tr
B, j;
rank
(
F 1,0
B,i
)tr
+ rank
(
F 1,0
B,n−i
)tr
= rank
(
F 1,0
B,j
)tr
+ rank
(
F 1,0
B,n−j
)tr
.
In particular, if n = p is prime, then for any 1 ≤ i < j ≤ p− 1, one has
rankVtrB, i = rankV
tr
B, j;
rank
(
F 1,0
B,i
)tr
+ rank
(
F 1,0
B,p−i
)tr
= rank
(
F 1,0
B,j
)tr
+ rank
(
F 1,0
B,p−j
)tr
.
Proof. Since trivial local subsystems correspond to trivial representations, and trivial represen-
tations remain trivial under any Galois conjugation, it follows that if VB, i and VB, j are in one
Gal
(
Q(ξn)/Q
)
-orbit, then
rankVtrB, i = rankV
tr
B, j ;
rank
(
F 1,0
B,i
)tr
+ rank
(
F 0,1
B,i
)tr
= rank
(
F 1,0
B,j
)tr
+ rank
(
F 0,1
B,j
)tr
.
Note also that
((
F 1,0
B,i
)tr
⊕
(
F 0,1
B,i
)tr
, 0
)
is mapped isomorphically to
((
F 1,0
B,n−i
)tr
⊕
(
F 0,1
B,n−i
)tr
, 0
)
under the complex conjugation for any 1 ≤ i ≤ n − 1. Moreover, under this isomorphism,(
F 1,0
B,i
)tr ∼= (F 0,1
B,n−i
)tr
and
(
F 0,1
B,i
)tr ∼= (F 1,0
B,n−i
)tr
. In particular,
rank
(
F 1,0
B,i
)tr
= rank
(
F 0,1
B,n−i
)tr
, rank
(
F 0,1
B,i
)tr
= rank
(
F 1,0
B,n−i
)tr
.
Combining the above equalities together, we prove the first part. For the second part, since n = p
is prime, it is clear that the Galois subgroup Gal
(
Q(ξp)/Q
)
permutes these eigen-subspaces. This
completes the proof. 
Lemma 3.3. Let f¯ : S → B be the family of semi-stable curves representing a Shimura curve
C contained generically in T Sg,n as above. Then
(3-9) rankA1,0
B,i
= rankA0,1
B,i
= rankA1,0
B,n−i
, ∀ 1 ≤ i ≤ n− 1.
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In particular,
rankF 1,0
B,i
6= 0, if rankE1,0
B,i
> rankE1,0
B,n−i
;(3-10)
rankF 1,0
B,n−i
≥ rankF 1,0
B,i
, if i ≥ n/2.(3-11)
Proof. Since C is Shimura, the associated Higgs bundle
(
E1,0
C
⊕E0,1
C
, θC
)
admits a decomposition
(
E1,0
C
⊕ E0,1
C
, θC
)
=
(
A1,0
C
⊕A0,1
C
, θC
∣∣
A1,0
C
)
⊕
(
F 1,0
C
⊕ F 0,1
C
, 0
)
,
such that the restricted Higgs field θC
∣∣
A1,0
C
is an isomorphism. By (3-1), one obtains that(
A1,0
B
⊕ A0,1
B
, θB
∣∣
A1,0
B
)
is nothing but the pulling-back of
(
A1,0
C
⊕ A0,1
C
, θC
∣∣
A1,0
C
)
. In particular,
the restricted Higgs field θB
∣∣
A1,0
B
is an isomorphism on the generic point of B. Restricting to
each eigenspace
(
A1,0
B
⊕A0,1
B
, θB
∣∣
A1,0
B
)
i
, one sees that the restricted Higgs field θB
∣∣
A1,0
B,i
must be
again an isomorphism on the generic point of B. In particular, rankA1,0
B,i
= rankA0,1
B,i
, i.e., the
first equality of (3-9) holds. The second equality in (3-9) follows by the complex conjugation.
Finally, (3-10) follows directly from (3-9); and (3-11) follows from (3-9) and (3-7). 
Proposition 3.4 (Moonen). There does not exist any Shimura curve contained generically in
ST g,n with n > g ≥ 8.
Proof. Assume that there exists a Shimura curve C contained generically in T Sg,n with n >
g ≥ 8. Let f¯ : S → B be the family of semi-stable p-superelliptic curves representing C as
in Definition 3.1. Assume that the general fiber of f¯ is given by yn = F (x), where F (x) is
a separable polynomial in x with deg(F ) = α0. By the Riemann-Hurwitz formula (3-6) one
has α0 ≤ 3, since n > g ≥ 8. It is also clear that α0 ≥ 3; otherwise f¯ would be isotrivial.
Hence α0 = 3. However, such a family f¯ must be universal in sense that the moduli space of
n-superelliptic curves defined by yn = F (x) with deg(F ) = 3 is exactly of dimension one. Hence
according to a result of Moonen [Moo10, Theorem3.6], the curve C can not be Shimura once
g ≥ 8. This completes the proof. 
The following two propositions give finer information on the ranks of A1,0
B
and F 1,0
B,i
, the proofs
of which are given later in Sections 4.5 and 4.6 respectively.
Proposition 3.5. Let f¯ : S → B be the family of semi-stable curves representing a Shimura
curve C contained generically in T Sg,n with n ≥ 3. Assume that the general fiber is given by
yn = F (x) with a separable polynomial F (x) of deg(F ) = α0, and that α is given by (1-1).
(i). If C is compact and g ≥ n, then
(3-12) rankA1,0
B
≤
4g − 4
λn,c
,
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where
(3-13) λn,c =

12−
9(α − 1)
2(α − 3)
, if n = 3 and α ≥ 6;
12−
3(α − 1)
α− 3
, if n = 4 and α = 4k + 3 with k ≥ 1;
12−
48(α − 1)(
n2 − (n/d)2
)
(α− 3)
, otherwise; here d =

n, if n |α;
n
gcd(n, α0)
, if n 6 | α.
(ii). Assume that C is non-compact, g ≥ 4 and qf¯ := q(S) − g(B) > 0. If either n = 3 or 4,
then
(3-14) rankA1,0
B
<
4g − 4
λn,nc
,
where
λ3,nc =

6α− 18
α− 2
, if α = 3k + 2 with k ≥ 2,
15α − 63
2(α − 3)
, otherwise;
(3-15)
λ4,nc =

6α− 16
α− 3
, if α = 4k + 2 with k ≥ 1,
9α− 33
α− 3
, otherwise.
(3-16)
Proposition 3.6. Let C and f¯ be as in Lemma 3.3. Assume that rankF 1,0
B,i0
6= 0 for some
i0 ≥ n/2. Then after a suitable finite e´tale base change, the flat Higgs subbundle
i0⊕
i=n−i0
(
F 1,0
B
⊕ F 0,1
B
, 0
)
i
∼=
(
O⊕r
B
, 0
)
, where r =
i0∑
i=n−i0
(
rankF 1,0
B,i
+ rankF 0,1
B,i
)
,
becomes a trivial Higgs bundle, i.e.,
(3-17) dimH0
(
S, Ω1
S
)
i
= rankF 1,0
B,i
, ∀ n− i0 ≤ i ≤ i0,
and there exists a unique fibration f¯ ′ : S → B
′
such that these one-forms in H0
(
S,Ω1
S
)
lifted
from
i0⊕
i=n−i0
F 1,0
B,i
are the pulling-back of one-forms on B
′
via f¯ ′, i.e.,
(3-18)
i0⊕
i=n−i0
H0
(
S, Ω1
S
)
i
⊆
(
f¯ ′
)∗
H0
(
B
′
, Ω1
B
′
)
.
The next lemma gives a criterion to exclude Shimura curves generically in T Sg,n.
Lemma 3.7. Let f¯ : S → B be the family of semi-stable curves representing a Shimura curve
C contained generically in T Sg,n. Assume that after a suitable base change of B, there exists an
irregular fibration f¯ ′ : S → B
′
on S different from f¯ and with g(B
′
) ≥ rankF 1,0
B
. Then g < 8.
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Proof. This lemma is clear if n = 2, since there is no Shimura curve contained generically in
T Sg,2 = T Hg with g ≥ 8 by [LZ14, Theorem E]. Combining this with Proposition 3.4, we may
assume g ≥ n and n ≥ 3 in the following.
Firstly, we claim that
(3-19) 2g(F )− 2 ≥ 2
(
2g(B
′
)− 2
)
, for any fiber F of f¯ ,
where g(F ) is the geometric genus of F . In fact, by restricting f¯ ′ to the fiber F , one obtains a
map
f¯ ′|F : F −→ B
′
.
It is clear that deg(f¯ ′|F ) does not depend on the choice of F . Since f¯ is non-isotrivial, it follows
that deg(f¯ ′|F ) ≥ 2. Hence (3-19) follows directly from the Riemann-Hurwitz formula.
Secondly, according to Lemma 3.3 and (3-7), one proves easily that
rankF 1,0
B
≥
[n/2]∑
i=1
rankF 1,0
B,i
≥
[n/2]∑
i=1
(
rankE1,0
B,i
− rankE0,1
B,i
)
≥ 2, if g ≥ 8 and n ≥ 3.
We now prove the lemma by contradiction. Assume that g ≥ 8. Consider first the case when
C is non-compact. In this case, by taking an arbitrary fiber F over ∆nc = j
−1
B
(∆C) in (3-19),
one obtains a contradiction to (3-4) since g(B
′
) ≥ rankF 1,0
B
≥ 2.
In the remaining case where C is compact, we claim that
(3-20) g ≥ 2g(B
′
).
In fact, by restricting f¯ ′ to any singular fiber F , as we have deg(f¯ ′|F ) ≥ 2, we obtain that either
there are at least two components of F whose geometric genera ≥ g(B
′
), or there is at least one
component of F whose genus ≥ 2g(B
′
) − 1 plus another component
(
contracted by f¯ ′|F
)
of F
with positive genus.
Consider firstly the case when n ≥ 4. The assumption g(B
′
) ≥ rankF 1,0
B
together with (3-20)
gives rankA1,0
B
≥ g2 . On the other hand, since g ≥ n, one has the bound of rankA
1,0
B
as in (3-12).
This gives a contradiction.
We now assume that n = 3. The assumption g(B
′
) ≥ rankF 1,0
B
implies the following lower
bound of the the relative irregularity: qf¯ = q(S) − g(B) ≥ rankF
1,0
B
. It follows that qf¯ =
rankF 1,0
B
, i.e., the flat subbundle F 1,0
B
∼= O
⊕qf¯
B
is trivial. Moreover,
H0
(
S,Ω1
S
)
= f¯∗H0
(
B,Ω1
B
) ⊕
(f¯ ′)∗H0
(
B
′
,Ω1
B
′
)
.
On the other hand, up to a suitable finite base change, we may assume that the group G ∼= Z/3Z
admits an action on S, and the above decomposition still exists. We claim that the group
G induces an action on B
′
such that B
′
/G ∼= P1 and that f¯ ′ is equivariant with respect to
G; otherwise, one obtains a third fibration f¯ ′′ on S by the action of G, which implies that
qf¯ > g(B
′
), a contradiction. In particular, one has
rankF 1,0
B,i
= dimH0
(
S, Ω1
S
)
i
= dimH0
(
B
′
, Ω1
B
′
)
i
, for i = 1 or 2.
Combining this with (3-9), one obtains
(3-21) rankE1,0
B,1
−rankE1,0
B,2
= rankF 1,0
B,1
−rankF 1,0
B,2
= dimH0
(
B
′
, Ω1
B
′
)
1
−dimH0
(
B
′
, Ω1
B
′
)
2
.
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Assume that {x1, · · · , xβ} ⊆ P
1 is the branch locus of the induced cyclic cover π : B
′
→ B
′
/G ∼=
P1, and that π is defined by
L⊗3π ≡ OP1
( β∑
j=1
rjxj
)
, where 1 ≤ ri ≤ 2 for each 1 ≤ i ≤ β.
Here ‘≡’ stands for linear equivalence. According to Hurwitz-Chevalley-Weil’s formula (cf.
[MO13, Proposition 5.9]), one has
dimH0
(
B
′
, Ω1
B
′
)
i
= −1 +
β∑
j=1
{
−irj
3
}
.
Hence
dimH0
(
B
′
, Ω1
B
′
)
1
− dimH0
(
B
′
, Ω1
B
′
)
2
=
β∑
j=1
{
−rj
3
}
−
β∑
j=1
{
−2rj
3
}
≤
2β
3
−
β
3
=
β
3
,
=⇒ dimH0
(
S, Ω1
S
)
1
− dimH0
(
S, Ω1
S
)
2
≤
[β
3
]
.
Note that g = α−2 and g(B
′
) = β−2 by the Riemann-Hurwitz formula. Combining these with
(3-7), (3-20) and (3-21), we obtain a contradiction. This completes the proof. 
We conclude this subsection by the following remarks on the group action.
Remarks 3.8. (i). For any n-superelliptic curve F , its induced n-superelliptic cover π : F → P1
is a cyclic cover with covering group G ∼= Z/nZ, branch locus R, and local monodromy a around
R. Here R and a are given by
(3-22)
{
R = {x1, · · · , xα0}, and a = (1, · · · , 1), if n |α0;
R = {x1, · · · , xα0 ,∞}, and a = (1, · · · , 1, a∞), if n 6 | α0,
where α0 = deg(F (x)), {x1, · · · , xα0} are the roots of F (x), and a∞ = n
([
α0
n
]
+ 1
)
−α0. In the
case when n 6 | α0, the ramification index of π at ∞ is r∞ =
n
gcd(n,α0)
.
(ii). For a given n-superelliptic curve F , there might be more than one n-superelliptic auto-
morphism group (equivalently, more than one n-superelliptic cover) on F . For instance, the Fer-
mat curve of degree n admits at least three different n-superelliptic automorphism groups. Nev-
ertheless, the degree of the polynomial F (x) does not depend on the choice of the n-superelliptic
automorphism group. Throughout this paper, we always choose and fix the choise of an n-
superelliptic automorphism group on F if there are more than one.
(iii). Let f¯ : S → B be the family of semi-stable curves representing a Shimura curve C
contained generically in T Sg,n. Although the general fiber of f¯ , which is an n-superelliptic
curve by construction, has an action of the group G ∼= Z/nZ, it is not known whether G admits
an action on S. The problem is that there may not exist a rational section of AutB(S) → B
that reduces to a generator of G on the general fiber, where AutB(S) stands for the Zariski
sheafification of the automorphism group, which is a finite flat group scheme. However, one
can always produce sections of AutB(S) after a suitable finite base change, and hence insures
an action of G on S whose restriction on the general fiber is the n-superelliptic automorphism
group locally for the fpqc topology.
(iv). If the general fiber admits a unique n-superelliptic automorphism group G ∼= Z/nZ, and
there eixsts a generator of G commuting with any automorphism of the general fiber, then there
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is always a rational section of AutB(S) which reduces to this generator of G on the general
fiber, i.e., the action of G on the general fiber can be always extended to the global surface S
without any base change.
(v). In order to use the theory on cyclic covers (eg. the eigenspace decomposition of the Higgs
bundles), it is necessary to assume that the group G ∼= Z/nZ acts on S whose restriction on the
general fiber is an n-superelliptic automorphism group. To achieve this, it is necessary to take
base change which might be non-e´tale. This process may destroy the Arakelov type equality
in (3-3). Nevertheless, the direct sum decomposition (3-2), the formula (3-4), the ranks of A1,0
B
and F 1,0
B
, and the upper bounds of A1,0
B
in (3-12) and (3-14) remain true after any finite base
change.
3.2. Non-existence of Shimura curves contained generically in T Sg,p. In this subsection,
we prove Theorem 1.7 for the prime case. The case where p = 2 has already treated in [LZ14,
TheoremE]. Hence we assume p ≥ 3 and prove
Theorem 3.9. Let p ≥ 3 be any prime number. Then there does not exist any Shimura curve
contained generically in the Torelli locus of p-superelliptic curves of genus g ≥ 8.
The main idea of the proof is based on a contradiction argument: given such a Shimura curve
C, we first produce a “horizontal” irregular fibration on the family f¯ : S → B of semi-stable
superelliptic curves representing C; and then we derive a contradiction from the existence of this
“horizontal” irregular fibration. As we have explained in Section 1.3, the techniques depend on
whether C is compact or not. We remark that the methods used here are different from that
in proving [LZ14, TheoremE], which is deduced directly from the Miyaoka-Yau type inequality
and an improved slope inequality for a family of hyperelliptic curves.
Proof of Theorem 3.9. Assume that there exists a Shimura curve C contained generically in
T Sg,p with g ≥ 8 and p ≥ 3 being a prime number. We are going to derive a contradiction.
Let f¯ : S → B be the family of semi-stable p-superelliptic curves representing C as in
Definition 3.1. After a possible base change, we may assume that there exists an action of the
Galois group G ∼= Z/pZ on S, and hence an induced action of G on the associated logarithmic
Higgs bundle
(
E1,0
B
⊕ E0,1
B
, θB
)
and its subbundles with eigenspace decompositions as in (3-5)
and (3-8). Assume that the general fiber of f¯ is given by yp = F (x), where F (x) is a separable
polynomial in x with deg(F ) = α0. By Proposition 3.4, we may assume that g ≥ p, or equiv-
alently α0 ≥ 4 by the Riemann-Hurwitz formula (3-6). The detailed proof is divided into two
cases, according to whether C is compact or not.
Case (I): C is non-compact. In this case, according to Lemma 3.7, it suffices to prove
that, up to base change, the following two statements hold:
(1) the flat subbundle F 1,0
B
∼= O⊕r1
B
becomes a trivial vector bundle, where r1 = rankF
1,0
B
;
(2) there exists an irregular fibration f¯ ′ : S → B
′
different from f¯ with g(B
′
) = rankF 1,0
B
.
The first statement is already proved in [VZ04]; in fact, since C is non-compact, according
to [VZ04, Corollary 4.4], after a suitable finite e´tale base change, the unitary local subsystem
VuB ⊆ VB ⊗ C becomes trivial, which is equivalent to saying that the flat Higgs subbundle(
F 1,0
B
⊕ F 0,1
B
, 0
)
∼=
(
O⊕2r1
B
, 0
)
is trivial by Simpson’s correspondence [Sim90]. This proves the
first statement. For the second statement, we divide its proof into the next two lemmas.
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Lemma 3.10.
(3-23) rankF 1,0
B,(p+1)/2
> 0,
Proof of Lemma 3.10. Note that the validity of (3-23) is independent on the base change. This
allows us to take any finite base change. As we have seen above, by [VZ04, Corollary 4.4], we
may assume that the unitary local subsystem VuB ⊆ VB ⊗C is trivial after a suitable finite base
change, i.e., VuB = V
tr
B . Combining this with Lemma 3.2, we obtain
rankF 1,0
B,i
+ rankF 0,1
B,i
= rankF 1,0
B,j
+ rankF 0,1
B,j
, ∀ 1 ≤ i ≤ j ≤ p− 1.
By (3-7), one checks easily that
rankE1,0
B,i
+ rankE0,1
B,i
= rankE1,0
B,j
+ rankE0,1
B,j
, ∀ 1 ≤ i ≤ j ≤ p− 1.
Combining these with (3-9), we obtain
(3-24) rankA1,0
B,i
= rankA1,0
B,j
, ∀ 1 ≤ i ≤ j ≤ p− 1.
Hence
rankF 1,0
B,i
= rankE1,0
B,i
− rankA1,0
B,i
= rankE1,0
B,i
− rankA1,0
B,p−1
= rankE1,0
B,i
−
(
rankE1,0
B,p−1
− rankF 1,0
B,p−1
)
≥ rankE1,0
B,i
− rankE1,0
B,p−1
.
If p ≥ 5, then by taking i = (p + 1)/2 in the above inequality and by using (3-7), one proves
(3-23). It remains to show (3-23) for p = 3.
In the case when p = 3, we prove (3-23) by contradiction. Suppose that rankF 1,0
B,2
= 0. Then
by (3-24), one obtains
(3-25) rankA1,0
B
= 2 rankA1,0
B,2
= 2 rankE1,0
B,2
.
On the other hand, by (3-10) together with (3-7), one gets F 1,0
B,1
6= 0. Since VuB is a trivial local
subsystem, it follows from Simpson’s correspondence that F 1,0
B
= F 1,0
B,1
is a trivial vector bundle.
In other words, the relative irregularity qf¯ = rankF
1,0
B
> 0. It follows that there is a bound on
rankA1,0
B
as in (3-14), which contradicts (3-25) in view of (3-7). 
Lemma 3.11. If rankF 1,0
B,i0
6= 0 for some i0 > p/2, then after a suitable base change, there
exists a fibration f¯ ′ : S → B
′
such that these one-forms in H0
(
S,Ω1
S
)
lifted from F 1,0
B
are the
pulling-back of one-forms on B
′
via f¯ ′, i.e.,
(3-26)
p−1⊕
i=1
H0
(
S, Ω1
S
)
i
=
(
f¯ ′
)∗
H0
(
B
′
, Ω1
B
′
)
.
In particular,
g(B
′
) =
p−1∑
i=1
dimH0
(
S, Ω1
S
)
i
= rankF 1,0
B
.
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Proof of Lemma 3.11. The existence of the fibration f¯ ′ can be deduced from Proposition 3.6.
Nevertheless, we present a complete proof for this simple case here for readers’s convenience.
First note that by our assumption together with (3-11), it follows that
rankF 1,0
B,p−i0
≥ rankF 1,0
B,i0
> 0, for some i0 > p/2.
In other words, one obtains that the spaces of one-forms in H0
(
S,Ω1
S
)
lifted from F 1,0
B,i0
and
F 1,0
B,p−i0
are both non-zero, i.e.,
H0
(
S, Ω1
S
)
i0
6= 0, H0
(
S, Ω1
S
)
p−i0
6= 0.
Taking any two non-zero one-forms ω1 ∈ H
0
(
S, Ω1
S
)
i0
and ω2 ∈ H
0
(
S, Ω1
S
)
p−i0
, the wedge
product gives a G-invariant two-form ω1 ∧ω2 ∈ H
0
(
S, Ω2
S
)G
, and hence descends to a two-form
on the ruled surface S/G. As any ruled surface admits no non-vanishing two-form, it follows
that ω1 ∧ ω2 = 0. Hence by Castelnuovo-de Franchis lemma (cf. [BHPV04, Theorem IV-5.1]),
there exists a fibration f¯ ′ : S → B
′
such that
H0
(
S, Ω1
S
)
i0
⊕H0
(
S, Ω1
S
)
p−i0
⊆
(
f¯ ′
)∗
H0
(
B
′
, Ω1
B
′
)
.
Note also that the pulling-back map
(f¯ ′)∗ : H1(B
′
, Q) −→ H1(S, Q)
is defined over Q and the Hodge symmetry under the complex conjucation gives
H0
(
S, Ω1
S
)
p−i0
= H1
(
S, OS
)
i0
.
Hence
H0
(
S, Ω1
S
)
i0
⊕H1
(
S, OS
)
i0
=
(
H1(S, Q)⊗ C
)
i0
⊆
(
f¯ ′
)∗ (
H1(B
′
, Q)⊗ C
)
.
Note that the arithmetic Galois group Gal(Q/Q) acts naturally on the eigenspace decomposition
(
H1(S, Q)⊗ C
)
=
(
H1(S, Q)⊗ C
)
0
⊕(p−1⊕
i=1
(
H1(S, Q)⊗ C
)
i
)
,
and the eigen-subspaces
(
H1(S, Q)⊗ C
)
i
’s for 1 ≤ i ≤ p−1 are permuted by this action. In fact,
the arithmetic Galois subgroup Gal
(
Q(ξp)/Q
)
already acts transitively on these eigen-subspaces
with indices 1 ≤ i ≤ p− 1, where ξp is a primitive p-th root of the unit. Therefore,
p−1⊕
i=1
(
H1(S, Q)⊗ C
)
i
⊆
(
f¯ ′
)∗ (
H1(B
′
, Q)⊗ C
)
,
which is in fact an equality, because G induces an action on B
′
with B
′
/G ∼= P1 due to the
fact that S/G is a (may be singular) ruled surface. Thus (3-26) is established by taking the
(1, 0)-part. 
Case (II): C is compact. This situation is much more complicated than the non-compact
case. We divide the detailed proof into three steps.
Step I. First we show that im > p/2, where
im := max
{
i | F 1,0
B,i
6= 0
}
,
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and hence by Proposition 3.6, after a suitable base change, there is a unique fibration f¯ ′ : S → B
′
such that
(3-27)
im⊕
i=p−im
H0
(
S, Ω1
S
)
i
⊆
(
f¯ ′
)∗
H0
(
B
′
, Ω1
B
′
)
.
Indeed, if im ≤ p/2, i.e., F
1,0
B,i
= 0 for any i > p/2. Then A1,0
B,i
= E1,0
B,i
for all i > p/2.
Combining this with (3-9), one obtains
(3-28) rankA1,0
B
= 2
p−1∑
i=(p+1)/2
rankE1,0
B,i
.
By (3-7), one verifies that this contradicts the upper bound of rankA1,0
B
given in in (3-12). To
illustrate the idea, we give the proof for the case when p |α0. Let α0 = kp with k ≥ 1. By (3-28)
and (3-7), one obtains
rankA1,0
B
= 2
p−1∑
i=(p+1)/2
(
k(p− i)− 1
)
=
(p− 1)
(
k(p+ 1)− 4
)
4
.
Since g ≥ 8, it follows that k ≥ 4 if p = 3; and k ≥ 2 if p = 5. Hence this gives a contradiction
to the bound of rankA1,0
B
in (3-12).
Step II. Since the fibration f¯ ′ obtained in Step I is unique, the group G ∼= Z/pZ induces an
action on B
′
. In this step, we want to prove that a “large part” of 1-forms from F 1,0
B
are pulled
back of 1-forms on B
′
via f¯ ′, i.e., we give a lower bound on im. More precisely, we show that
Lemma 3.12. Let β be the number of fixed points of G on B
′
; equivalently, β is the number of
branch points of the induced cover π : B
′
→ B
′
/G. Then β ≥ 4, and the following inequalities
hold:
im ≥

p− 1, if β > p,
p− 1−
[
p
β − 1
]
, if β ≤ p,
(3-29)
2 rankE1,0
B,im
≥
2g
p− 1
+ 4− β,(3-30)
2g
p− 1
≥ 2β − 3.(3-31)
Proof of Lemma 3.12. First, similar to Lemma 3.11, one shows that B
′
/G ∼= P1 and
p−1⊕
i=1
H0
(
S, Ω1
S
)
i
=
(
f¯ ′
)∗
H0
(
B
′
, Ω1
B
′
)
.
Moreover, the pulling-back map
(
f¯ ′
)∗
: H0
(
B
′
, Ω1
B
′
)
→ H0
(
S, Ω1
S
)
is equivariant with respect
to the induced actions of G on both sides, i.e.,
(3-32) H0
(
S, Ω1
S
)
i
=
(
f¯ ′
)∗
H0
(
B
′
, Ω1
B
′
)
i
, ∀ 1 ≤ i ≤ p− 1.
According to the definition of im, it follows that
(3-33) dimH0
(
S, Ω1
S
)
im
= rankF 1,0
B,im
> 0; dimH0
(
S, Ω1
S
)
i
= rankF 1,0
B,i
= 0, ∀ i > im.
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Hence
(3-34) dimH0
(
B
′
, Ω1
B
′
)
im
> 0; dimH0
(
B
′
, Ω1
B
′
)
i
= 0, ∀ i > im.
(i). We first prove (3-29) by contradiction. Assume that
im < j0 :=

p− 1, if β > p,
p− 1−
[
p
β − 1
]
, if β ≤ p,
Then by (3-34), one has
(3-35) H0
(
B
′
, Ω1
B
′
)
i
= 0, for any p− 1 ≥ i ≥ j0.
Let {x1, · · · , xβ} ⊆ P
1 be the branch locus of the induced quotient map π : B
′
→ B
′
/G ∼= P1,
and assume that π is defined by
L⊗pπ ≡ OP1
( β∑
j=1
rjxj
)
, where 1 ≤ r1 ≤ · · · ≤ rβ ≤ p− 1.
Then by a formula of Hurwitz-Chevalley-Weil (cf. [MO13, Proposition 5.9]), one has
(3-36) dimH0
(
B
′
, Ω1
B
′
)
i
= −1 +
β∑
j=1
{
−irj
p
}
.
By (3-35), we get
H(k) :=
β∑
j=1
{
krj
p
}
= 1, for any 1 ≤ k ≤ p− j0.
This contradicts Lemma 3.13 below.
(ii). We next prove β ≥ 4 and (3-30). By Proposition 3.6 and (3-32), it follows that
dimH0
(
B
′
, Ω1
B
′
)
i
= dimH0
(
S, Ω1
S
)
i
= rankF 1,0
B,i
, ∀ p− im ≤ i ≤ im.
According to (3-9) together with (3-33), one obtains
(3-37) rankA1,0
B,p−im
= rankA0,1
B,im
= rankA1,0
B,im
≤ rankE1,0
B,im
− 1.
Combining these with (3-36) and (3-7), we obtain
(3-38) β − 2 = dimH0
(
B
′
, Ω1
B
′
)
im
+ dimH0
(
B
′
, Ω1
B
′
)
p−im
= rankF 1,0
B,im
+ rankF 1,0
B,p−im
.
By the definition of im with (3-7), one has rankF
1,0
B,p−im
≥ rankF 1,0
B,im
≥ 1. From this with
(3-38), it follows that β ≥ 4. Moreover,
rankF 1,0
B,im
+ rankF 1,0
B,p−im
=rankE1,0
B,im
+ rankE1,0
B,p−im
− 2 rankA1,0
B,im
≥ rankE1,0
B,im
+ rankE1,0
B,p−im
− 2
(
rankE1,0
B,im
− 1
)
=
2g
p− 1
+ 2− 2 rankE1,0
B,im
.
This together with (3-38) proves (3-30).
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(iii). Finally, we prove (3-31). Let F be a general fiber of f¯ , and Γ = F/G ∼= P1 the quotient.
Then one has the following commutative diagram, where ϕ¯′ : S/G → B
′
/G is the induced
fibration.
F
f¯ ′|F
//
Π|F

B
′
π′

Γ ∼= P1
ϕ¯′|Γ
// B
′
/G ∼= P1
By assumption, Π|F (resp. π
′) is branched over α := 2gp−1 + 2 (resp. β) points.
If deg
(
f¯ ′|F
)
≥ p, then by the Rieman-Hurwitz formula for the map f¯ ′|F , one obtains
(p− 1)α − 2p = 2g − 2 ≥ deg
(
f¯ ′|F
)
·
(
2g(B
′
)− 2
)
≥ p
(
(p− 1)β − 2p
)
≥ 2(p− 1)β − 4p + 2.
Hence α ≥ 2(β − 1); and if the equality holds, then p = 3, α = 6 and g = 4, which contradicts
the assumption that g ≥ 8.
If deg
(
f¯ ′|F
)
< p, then the inverse of the branch points of π′ in Γ ∼= P1 is contained in that of
Π|F . Let R0 be the ramification locus of ϕ¯
′|Γ. Then by the Rieman-Hurwitz formula, one has
(3-39) deg(ϕ¯′|Γ) · β − α ≤ deg(R0) = 2deg(ϕ¯
′|Γ)− 2.
Since f¯ is non-isotrivial, one has deg
(
ϕ¯′|Γ
)
= deg
(
f¯ ′|F
)
≥ 2. Hence α ≥ 2(β − 1). Moreover, if
α = 2(β − 1), then ϕ¯′|Γ is a double cover branched exactly over two of the branch points of π
′.
It follows that the branch loci of Π|F are invariant when F runs in the family f¯ , and hence any
two smooth fibers of f¯ are isomorphic to each other. This contradicts the non-isotriviality of f¯ .
Thus α > 2(β − 1). This proves (3-31). 
Step III. In the last step, we derive a contradiction and hence complete the proof of Theorem 3.9
for the case when C is compact.
First, from Lemma 3.7 and Proposition 3.6, it follows that p ≥ 5 and β ≤ p; in fact, if p = 3 or
β > p, then im = p−1 by Step I and (3-29), and hence g < 8 by Lemma 3.7 and Proposition 3.6.
According to (3-29), (3-30),(3-6) and (3-7), one obtains that
(3-40)

α0 + 4− β ≤
2
(
[ pβ−1 ] + 1
)
α0
p
, if p |α0;
α0 + 3− β ≤ 2
[([ pβ−1 ] + 1)α0
p
]
, if p 6 | α0.
Note that [x] ≤ x for any x ∈ Q. Combining this with (3-6) and (3-31), we get
(
1−
4
p
)
β ≤ 1 +
2
β − 1
−
2
p
, if p |α0;(
1−
4
p
)
(β − 1) ≤ 2, if p 6 | α0.
Note also that β ≥ 4 by Lemma 3.12. Hence the above inequalities give a contradiction if p > 11.
If p = 11 or 7, one verifies case-by-case that there is also a contradiction by (3-40), (3-31), (3-6)
and (3-7).
Finally, we consider the case when p = 5. Again by (3-40), (3-31), (3-6) together with (3-7),
one obtains that g = 14, α0 = 8, β = 5 and im = 3. In particular, (3-30) is an equality, which
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implies that (3-37) is also an equality, i.e.,
rankA1,0
B,2
= rankA1,0
B,3
= rankE1,0
B,3
− 1 = 2, by (3-7).
Note also that
rankA1,0
B,1
= rankA1,0
B,4
= rankE1,0
B,4
= 1.
Hence rankA1,0
B
=
4∑
i=1
rankA1,0
B,i
= 6, which is a contradiction to the bound (3-12). This com-
pletes the proof. 
We end this subsection by proving the following technical lemma which has been used in the
proof of Lemma 3.12.
Lemma 3.13. Let p ≥ 3 be any prime number, and 1 ≤ r1 ≤ · · · ≤ rβ ≤ p− 1 be a sequence of
integers such that p
∣∣ ( β∑
j=1
rj
)
. Let 1 ≤ θ ≤ p− 1 be an integer such that
(3-41) H(k) = 1, ∀ 1 ≤ k ≤ θ; where H(k) :=
β∑
j=1
(
krj
p
−
[
krj
p
])
=
β∑
j=1
{
krj
p
}
.
Then β ≤ p and θ ≤
[
p
β−1
]
.
Proof. The case when θ = 1 is clear, and we may assume that θ ≥ 2.
Taking k = 1 in (3-41), we get immediately that β ≤
β∑
j=1
rj = p; and from the equality
H(2) = 1, we obtain that rβ >
p
2 and rj <
p
2 for 1 ≤ j ≤ β − 1. In the following we deduce a
contradiction under the assumption θ > [ pβ−1 ].
(Step 1) First of all, we show that
(3-42) rj = 1, ∀ 1 ≤ j ≤ β − 2.
We set
δ =
[ p
β − 1
]
, t1 =
[ p
rβ−1
]
, t2 =
[ p
rβ−2
]
, and t′2 =
[ p
2rβ−2
]
.
By assumption, δ + 1 ≤ θ. It is clear that 2t′2 ≤ t2 ≤ 2t
′
2 + 1, and t1 ≤ t2.
Moreover, t1 ≤ δ; otherwise,
(δ+1)rj
p < 1 for any 1 ≤ j ≤ β − 1, and it implies
1 = H(δ + 1) ≥
β−1∑
j=1
(δ + 1)rj
p
≥
β − 1
p
· (δ + 1) > 1,
which is a contradiction. Thus t1 ≤ min{δ, t2}, from which together with (3-41) it follows that
1 = H(t1) >
t1rβ−2
p
+
t1rβ−1
p
>
t1rβ−2
p
+
1
2
, =⇒
p
2rβ−2
> t1.
Hence t1 ≤ t
′
2.
We claim also that there exists some t0 with t
′
2 < t0 < t2+1 such that
{ t0rβ−1
p
}
> 12 . In fact,
if such t0 does not exist, then by induction one has
[ trβ−1
p
]
=
[ (t′2+1)rβ−1
p
]
for any t′2 < t < t2+1,
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since
rβ−1
p <
1
2 . Hence
1
2
≥
{ t2rβ−1
p
}
=
{(t′2 + 1)rβ−1
p
}
+
(t2 − t
′
2 − 1)rβ−1
p
>
(t2 − t
′
2 − 1)rβ−1
p
≥
(t′2 − 1)rβ−1
p
≥
(t1 − 1)rβ−1
p
.
Note that t1 =
[ p
rβ−1
]
≥ 2. From the above inequality it follows that t2 = 2t
′
2 = 2t1 = 4, in
which case one computes easily that rβ >
p
2 , rβ−1 >
p
3 and rβ−2 >
p
5 . This contradicts the fact
that
β∑
j=1
rj = p.
Now since
H(t0) >
t0rβ−2
p
+
{t0rβ−1
p
}
>
1
2
+
1
2
= 1,
one obtains that t2 ≥ t0 > δ. Because
1 = H(δ + 1) >
β−2∑
j=1
(δ + 1)rj
p
,
it follows that rj = 1 for any 1 ≤ j ≤ β − 2.
(Step 2) We show that
(3-43) ǫ+ t1 ≥ δ + 1, where ǫ =
[ p
2(β − 2)
]
.
Indeed, completely similar to the estimation in (Step 1), one can show that there exists some t˜0
with ǫ+ 1 ≤ t˜0 ≤ ǫ+ t1 + 1 such that
{ t˜0rβ−1
p
}
> 12 . For such t˜0, we have
H(t˜0) =
(β − 2)t˜0
p
+
({ t˜0rβ−1
p
}
+
{ t˜0rβ
p
})
>
(β − 2)(ǫ + 1)
p
+
1
2
>
1
2
+
1
2
= 1.
Hence we obtain ǫ+ t1 ≥ t˜0 − 1 > θ − 1 > δ, i.e., ǫ+ t1 ≥ δ + 1 as required.
(Step 3) We proceed to show that
(3-44) p ≥ t1(t1 + 1)(β − 2) + 2t1 + 1.
In fact, since t1 ≤ δ < θ, by (3-41) with k = t1 and using (3-42) one obtains that
1 = H(t1) >
(β − 2)t1
p
+
t1rβ−1
p
=
(β − 2)t1 + p− η
p
,
where we write η = p− t1rβ−1. Thus η > (β − 2)t1, i.e. η ≥ (β − 2)t1 + 1. Therefore,
p = t1rβ−1 + η ≥ t1(η + 1) + η ≥ t1(t1 + 1)(β − 2) + 2t1 + 1.
(Step 4) Finally, we derive a contradiction. Clearly, we may assume that β ≥ 3. Moreover, if
β = 3, then δ =
[p
2
]
= p−12 . Since θ > δ, one has H(δ) +H(δ + 1) = 2 by (3-41); on the other
hand, direct computation gives us H(δ) +H(δ+1) = β = 3. Hence we may assume that β ≥ 4.
Combining (3-43) and (3-44), we obtain
(3-45)
p
(t1 + 1)(β − 2) +
2t1+1
t1
≥ t1 ≥
[ p
β − 1
]
−
[ p
2(β − 2)
]
+ 1.
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Note that
[ p
β−1
]
−
[ p
2(β−2)
]
+ 1 > pβ−1 −
p
2(β−2) . Hence
p
β − 1
−
p
2(β − 2)
<
p
(t1 + 1)(β − 2) +
2t1+1
t1
<
p
(t1 + 1)(β − 2)
.
Since rβ−1 <
p
2 , or equivalently t1 ≥ 2, one derives immediately a contradiction if β > 6. For
the cases when 4 ≤ β ≤ 6, one can derive a contradiction case-by-case according to (3-45). This
completes the proof. 
3.3. Non-existence of Shimura curves contained generically in T Sg,n. In this subsection
we prove Theorem 1.7 for n-superelliptic curves by induction on the number of prime factors of
n. Before entering the details, we first explain the main idea of the induction process.
Let C be any smooth curve contained generically in T Sg,n, and f¯ : S → B be the family of
semi-stable n-superelliptic curves representing C as in Section 3.1. As before, we choose and fix
an n-superelliptic automorphism group for the general fiber of f¯ if it has more than one such
automorphism group. After a possible base change, we may assume that the group G ∼= Z/nZ
admits an action on S which reduces to the superelliptic automorphism group on the general
fiber of f¯ . Let n1 ≥ 2 be any number dividing n, and consider the quotient family S/H1 → B,
where H1 6 G is the unique subgroup of order
n
n1
. Resolving the singularities of S/H1 and
contracting the exceptional curves, one obtains a new family f¯1 : S1 → B. By construction, f¯1
is also semi-stable, and there is a rational cover Πn,n1 with the following diagram.
S
Πn,n1
//❴❴❴❴❴❴❴
f¯

❂❂
❂❂
❂❂
❂❂
S1
f¯1⑧⑧
⑧⑧
⑧⑧
⑧⑧
B
If the general fiber of f¯ is defined by yn = F (x), then the general fiber of f¯1 is given by
yn1 = F (x), which admits a cyclic cover π1 to P
1 with covering group G1 ∼= Z/n1Z, branch locus
R1, and local monodromy a1 around R1. Here R1 and a1 are given by
(3-46)
{
R1 = {x1, · · · , xα0}, and a1 = (1, · · · , 1), if n1 |α0;
R1 = {x1, · · · , xα0 ,∞}, and a1 = (1, · · · , 1, a∞,1), if n1 6 | α0,
where {x1, · · · , xα0} are the set of roots of F (x), and a∞,1 = n1
([
α0
n1
]
+ 1
)
− α0. In the case
when n1 6 | α0, the ramification index of π1 at ∞ is r∞,1 =
n1
gcd(n1,α0)
. By Hurwitz formula, the
genus g1 of a general fiber of f¯1 is given by the following formula.
(3-47) g1 =

(n1 − 1)(α0 − 2)
2
, if n1 |α0,
(n1 − 1)(α0 − 2) +
r∞,1−1
r∞,1
· n1
2
, if n1 6 | α0.
The relative Jacobian of the family f¯1 induces a map from B to T Sg1,n1 ⊆ Ag1 , which factorizes
clearly through C:
(3-48) B −→ C
ρn,n1−→ T Sg1,n1 ⊆ Ag1.
We denote the image by ρn,n1(C). By definition, one obtains
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Lemma 3.14. Let C ⊆ T Sg,n be a Shimura curve. Then the image ρn,n1(C) ⊆ T Sg1,n1 is either
a special point, or it is a Shimura curve. Moreover, if ρn,n1(C) is a Shimura curve, then C is
compact iff ρn,n1(C) is compact.
Proof. This follows directly from the definition of Shimura subvarieties and the characterization
of Shimura curves in Ag. 
Remark 3.15. The image ρn,n1 might depend on the choices of the n-superelliptic automorphism
group on the general fiber of f¯ . In other words, it is not clear whether there is a well-defined
map from T Sg,n to T Sg1,n1 . In this paper, when talking about the map ρn,n1 , it is understood
that an n-superelliptic automorphism group on the general fiber of f¯ has already been chosed
and fixed.
The principle of the induction process is the following.
Proposition 3.16. Let C be a Shimura curve contained generically in T Sg,n with g ≥ n. If n
is not prime, then ρn,n′(C) is a Shimura curve contained generically in T Sg′,n′, where
n′ = max
{
n1
∣∣ n1 < n and n1 | n} ,
and g′ is determined by the formula (3-47).
The above proposition will be postponed until Section 4.7. In the following, we prove Theorem 1.7
based on this principle.
Proof of Theorem 1.7. Let C be a Shimura curve contained generically in T Sg,n with g ≥ 8, and
f¯ : S → B be the family of semi-stable n-superelliptic curves representing C as in Section 3.1.
Assume that the general fiber of f¯ is given by yn = F (x), where F (x) is a separable polynomial
in x with deg(F ) = α0. By Proposition 3.4, we may assume that g ≥ n, or equivalently α0 ≥ 4
by the Riemann-Hurwitz formula (3-6). Moreover, we claim that
Lemma 3.17. If g ≥ 8 and α0 = 4, there does not exist any Shimura curve contained generically
in T Sg,n.
The proof of the above lemma will be postponed until the end of this subsection. Let’s first
complete the proof of Theorem 1.7. We prove by induction on the number of prime factors in
n. By [LZ14, TheoremE], Theorem 3.9 and Lemma 3.17, we may assume that n is not prime
and α0 ≥ 5. Let
n′ = max
{
n1
∣∣ n1 < n and n1 | n} .
Since n is not a prime, it follows that n′ ≥ 2. Consider the image ρn,n′(C) ⊆ T Sg′,n′ , where
ρn,n′ is defined in (3-48). If
(3-49) g′ ≥ 8,
then ρn,n′(C) is not a Shimura curve by induction. Combining this with Proposition 3.16, it
follows that C is not a Shimura curve either. This gives a contradiction. By (3-47), it is easy
to verify that the above condition (3-49) is satisfied unless (n, α0) belongs to the following list
(note that α0 ≥ 5 and g ≥ 8 by our assumption).
(3-50)

Case (a): n = 4 and 7 ≤ α0 ≤ 16;
Case (b): n = 6 and 5 ≤ α0 ≤ 9;
Case (c): n = 8 and 5 ≤ α0 ≤ 6;
Case (d): n = 9 and 5 ≤ α0 ≤ 9;
Case (e): n = 10, 15 or 25, and α0 = 5.
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To complete the proof, it suffices to prove the non-existence of Shimura curves in the above
cases.
We again prove by contradiction. Assume that such a Shimura curve C exists and let f¯ be
as above. By a possible base change, we may assume that the group G ∼= Z/nZ acts on S as
before, and hence there is an induced action of G on the associated logarithmic Higgs bundle as
well as its subbundles with induced eigenspace decompositions as in (3-5) and (3-8). Moreover,
the rank of each eigenspace E1,0
B,i
can be computed by (3-7). We claim that
Lemma 3.18. Let (n, α0) be as in (3-50). Then the following statements hold.
(i). If 3 | n, then F 1,0
B,2n/3
= 0.
(ii). If rankE1,0
B,i
= 1, then F 1,0
B,i
= 0.
(iii). Let
im = max
{
i
∣∣ F 1,0
B,i
6= 0
}
.
Then im > n/2, and hence after a suitable finite e´tale base change, there exists a unique mor-
phism f¯ ′ : S → B
′
such that
(3-51)

rankF 1,0
B,i
= dimH0
(
S, Ω1
S
)
i
, ∀ n− im ≤ i ≤ im;
im⊕
i=n−im
H0
(
S, Ω1
S
)
i
⊆
(
f¯ ′
)∗
H0
(
B
′
, Ω1
B
′
)
.
(iv). Let im be as above. If gcd(n, im) = 1, then the curve C is compact, and G ∼= Z/nZ
induces a faithful action on B
′
(here B
′
is from (iii) above) such that B
′
/G ∼= P1 and that
(3-52) H0
(
S, Ω1
S
)
i
=
(
f¯ ′
)∗
H0
(
B
′
, Ω1
B
′
)
i
, for any 1 ≤ i ≤ n− 1 with gcd(i, n) = 1.
In particular,
(3-53)
g(B
′
) ≥
ϕ(n)
2
·
(
dimH0
(
S, Ω1
S
)
im
+ dimH0
(
S, Ω1
S
)
n−im
)
=
ϕ(n)
2
·
(
rankF 1,0
B,im
+ rankF 1,0
B,n−im
)
,
where ϕ(n)is the Euler phi function, i.e. the number of non-negative integers less than n which
are relatively prime to n.
We will prove the above lemma at the end of this subsection. Based on the above lemma, let’s
first derive contradictions case-by-case with (n, α0) in (3-50), and hence prove Theorem 1.7.
Case (a). In this case, im = 3 by Lemma 3.18 (iii). Hence by (3-51), one has
g(B
′
) ≥ rankF 1,0
B
.
This gives a contradiction to Lemma 3.7 as g ≥ 8.
Case (b). In this case, one has im = 5 by Lemma 3.18 (i) and (iii). Hence similar to the above
case, there is also a contradiction to Lemma 3.7.
Case (c). From Lemma 3.18 it follows that α0 = 6, im = 5 and C is compact, and that
(3-52) and (3-53) hold. Note also that F 1,0
B,5
( E1,0
B,5
and hence rankF 1,0
B,5
= 1; otherwise, one has
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rankF 1,0
B,5
= rankE1,0
B,5
= 2, and hence both E1,0
B,3
and E1,0
B,5
are flat, from which together with
(3-53) it follows that
g(B
′
) ≥
ϕ(8)
2
·
(
rankF 1,0
B,5
+ rankF 1,0
B,3
)
=
4
2
·
(
rankE1,0
B,5
+ rankE1,0
B,3
)
= 10.
This contradicts (3-19) as g = 17 by (3-6) in this case. Thus,
rankA1,0
B,7
= rankE1,0
B,7
= 0;
rankA1,0
B,6
= rankE1,0
B,6
= 1, by Lemma 3.18 (ii);
rankA1,0
B,5
= rankE1,0
B,5
− 1 = 1, by the above arguments;
rankA1,0
B,4
= rankE1,0
B,4
= 2, by Lemma 4.23 (i) and Corollary 4.26.
Hence
rankA1,0
B
= 2
7∑
i=5
rankA1,0
B,7
+ rankA1,0
B,4
= 6.
This is a contradiction to (3-12).
Case (d). In this case, we can derive a contradiction similarly as the above case. Indeed, Simi-
lar as above, by Lemma 3.18 one obtains that im = 5 and C is compact. If rankF
1,0
B,5
= rankE1,0
B,5
,
then one obtains a contradiction to (3-19); if rankF 1,0
B,5
≤ rankE1,0
B,5
−1, i.e., rankA1,0
B,5
≥ 1, then
rankA1,0
B
= 2
8∑
i=5
rankA1,0
B,7
≥ 2 + 2
8∑
i=6
rankA1,0
B,7
= 2 + 2
8∑
i=6
rankE1,0
B,7
,
which contradicts (3-12).
Case (e). By Lemma 3.18 (ii) and (iii), one checks easily that n 6= 10, and that im = 8 (resp.
im = 13 or 14) when n = 15 (resp. n = 25). In the later two cases, by Lemma 3.18, after a
suitable further e´tale base change, there is a unique fibration f¯ ′ : S → B
′
and G acts faithfully
on B
′
with B
′
/G ∼= P1. Let F be a general fiber of f¯ , and Γ = F/G ∼= P1 the quotient. Then
similar to the proof of Lemma 3.12, one has the following commutative diagram.
F
f¯ ′|F
//
Π|F

B
′
π′

Γ ∼= P1
ϕ¯′|Γ
// B
′
/G ∼= P1
Let β be the number of branch points of the cover π′ : B
′
→ P1. Then similar to the proof of
Lemma 3.12, one proves that β ≥ 4 and α > 2(β − 1), where α = α0 + 1 = 6 is the number of
the branch points of Π|F . This gives a contradiction. 
In the rest of this subsection we prove Lemma 3.17 and Lemma 3.18, for which one needs the
following proposition generalizing Proposition 3.6. Its proof will be given in later Section 4.8.
Proposition 3.19. Let f¯ : S → B be the family of semi-stable curves representing a Shimura
curve C contained generically in T Sg,n with g ≥ 8. Assume that the group G ∼= Z/nZ acts on
S whose restriction on the general fiber is the n-superelliptic automorphism group (up to base
change).
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(1) If α0 = 4, then F
1,0
B,i
= 0 for any i ≥ n/2.
(2) If (n, α0) belongs to the list in (3-50), then F
1,0
B,i
= 0 for any i > n/2 with rankE1,0
B,i
= 1.
Proof of Lemma 3.17. Since g ≥ 8, it follows that n ≥ 7. As before, after a suitable finite base
change, we may assume that the group G ∼= Z/nZ acts on S, and hence there is an induced
action of G on the associated logarithmic Higgs bundle as well as its subbundles with induced
eigenspace decompositions as in (3-5) and (3-8). Since α0 = 4, according to Proposition 3.19, it
follows that F 1,0
B,i
= 0 for any i ≥ n/2. Moreover, we claim that
Claim 3.20. If F 1,0
B,i
= 0 for any i ≥ n/2, then
(1) n = 9, and hence g = 12;
(2) after a suitable finite e´tale base change, there exists an irregular fibration f¯ ′ : S → B
′
such that the group G ∼= Z/9Z induces a faithful action on B
′
with B
′
/G ∼= P1;
(3) the general fiber F admits a cyclic cover of degree 18 to P1 branched over exactly 4 points.
Assume the claim above for the moment, it then follows that f¯ is a universal family of cyclic
covers of P1 with group G˜ ∼= Z/18Z, since the general fiber F admits a cyclic cover of degree
18 to P1 branched over exactly 4 points. Hence according to [Moo10, Theorem3.6], C is not a
Shimura curve since g = 12. Therefore, it suffices to prove the above claim.
Proof of Claim 3.20. (1). First of all, we show that C is compact. In fact, since E1,0
B,n−1
= 0
by (3-7), one obtains E1,0
B,1
= F 1,0
B,1
by Lemma 3.3. If C is non-compact, then from [VZ04,
Corollary 4.4] it follows that the Higgs subbundle(
E1,0
B
⊕ E0,1
B
, θB
)
1
=
(
F 1,0
B
⊕ F 0,1
B
, 0
)
1
is a trivial Higgs subbundle after a possible e´tale base change. In other words, the corresponding
local subsystem VB, 1 = V
tr
B, 1 is trivial. Combine this with Lemma 3.2, it follows that VB, i is also
trivial for any 1 ≤ i ≤ n− 1 and gcd(i, n) = 1. On the other hand, by (3-7), it is easy to verify
that there exists i0 > n/2 such that gcd(i0, n) = 1 and rankE
1,0
B,i0
= 1. Hence F 1,0
B,i0
= E1,0
B,i0
6= 0,
which is a contradiction to the assumption.
Next we prove that n is odd; otherwise, since C is compact and rankE1,0
B,n/2
= 1, it follows from
Corollary 4.26 that A1,0
B,n/2
= 0, i.e., F 1,0
B,n/2
= E1,0
B,n/2
6= 0, which contradicts the assumption.
Finally, since F 1,0
B,i
= 0 for all i > n/2, it follows that A1,0
B,i
= E1,0
B,i
for all i > n/2. As n is odd,
by (3-9) and (3-7), one obtains
rankA1,0
B
= 2
n−1∑
i=(n+1)/2
rankE1,0
B,i
=
{
(n− 1)/2, if n = 4k + 1 for some k > 0;
(n+ 1)/2, if n = 4k + 3 for some k > 0.
Combining this with (3-6) and (3-12), we obtain that n = 9, and hence g = 12.
(2). Since F 1,0
B,i
= 0 for any i > n/2 = 9/2, by (3-7) and (3-9), one obtains that
rankF 1,0
B,1
= rankF 1,0
B,2
= 3, rankF 1,0
B,3
= rankF 1,0
B,4
= 1.
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Hence by [Del71, § 4.2], it follows that after a suitable e´tale base change, both F 1,0
B,3
and F 1,0
B,4
become trivial. In other words, one has
dimH0
(
S,Ω1
S
)
3
= dimH0
(
S,Ω1
S
)
4
= 1.
Next, we claim that H0
(
S,Ω2
S
)
7
= 0 by Hurwitz-Chevalley-Weil’s formula (cf. [MO13, Propo-
sition 5.9]); indeed, one has H0
(
F, ωF
)
7
= 0 by Hurwitz-Chevalley-Weil’s formula, from which
it follows that j∗(γ) = 0 for any γ ∈ H0
(
S,Ω2
S
)
7
, where
j∗ : H0
(
S,Ω2
S
)
7
= H0
(
S, ωS
)
7
−→ H0
(
F, ωF
)
7
= 0
is the canonical pulling-back and j : F →֒ S is the embedding of a general fiber of f¯ into S.
Since F is general, it follows that H0
(
S,Ω2
S
)
7
= 0 as required.
Now let ω ∈ H0
(
S,Ω1
S
)
3
and η ∈ H0
(
S,Ω1
S
)
4
be two non-zero one-forms. Since ω ∧ η ∈
H0
(
S,Ω2
S
)
7
by construction, it follows that ω∧η = 0. Hence by Castelnuovo-de Franchis lemma
(cf. [BHPV04, Theorem IV-5.1]), there exists an irregular fibration f¯ ′ : S → B
′
such that
(3-54) H0
(
S, Ω1
S
)
3
⊕H0
(
S, Ω1
S
)
4
⊆
(
f¯ ′
)∗
H0
(
B
′
, Ω1
B
′
)
.
It is clear that such a fibration is unique, and hence the group G induces an action on B
′
.
Moreover, the induced action is faithful; otherwise(
f¯ ′
)∗
H0
(
B
′
, Ω1
B
′
)
⊆ H0
(
S, Ω1
S
)G0 = ⊕
m0 | i
H0
(
S, Ω1
S
)
i
,
which contradicts (3-54), where G0 ≤ G is the kernel of the action of G on B
′
and m0 = |G0|.
Finally, since S/G is ruled, it follows that B
′
/G ∼= P1.
(3). Let F be a general fiber of f¯ , and consider the restricted map f¯ ′|F : F → B
′
. Since
G ∼= Z/9Z acts faithfully on both F and B
′
, whose quetients are both isomorphic to P1. And
similar to the proof of Lemma 3.12, one has the following commutative diagram.
F
f¯ ′|F
//
Π|F

B
′
π′

Γ ∼= P1
ϕ¯′|Γ
// B
′
/G ∼= P1
We claim that deg(f¯ ′|F ) = 2. Indeed, note that the cover Π|F has exactly α = 5 branch points,
and one checks easily that π′ admits β ≥ 3 branch points since g(B
′
) > 0. Because f¯ is not
isotrivial, similar to the proof of (3-31), one shows that
3 = α− 2 > deg(f¯ ′|F ) · (β − 2) ≥ deg(f¯
′|F ) > 1.
Thus deg(f¯ ′|F ) = 2 as required.
Since deg(f¯ ′|F ) = 2, it induces an involution τ0 on F , such that B
′
= F/〈τ0〉. Let G˜ ⊆ Aut (F )
be the subgroup generated by G and τ0. As f¯
′|F is equivariant with respect to G, it follows
that τ0 commutes with G. Hence G˜ is cyclic group of order |G˜| = 18. Moreover, by considering
the composition map π′ ◦
(
f¯ ′|F
)
: F → P1, one checks easily that π′ ◦
(
f¯ ′|F
)
is a cyclic cover
branched over exactly 4 points. This completes the proof. 
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Proof of Lemma 3.18. (i). We prove by contradiction. Assume that rankF 1,0
B,2n/3
> 0. As 3 | n
and (n, α0) belongs to (3-50), it follows that 5 ≤ α0 ≤ 9. According to Proposition 3.16, the
image ρn,3(C) ⊆ T Sg1,3 is still a Shimura curve, where ρn,3 is defined in (3-48). Moreover, by
(3-47) one gets
g1 =
{
α0 − 1, if 36 | α0;
α0 − 2, if 3 |α0.
Let f¯1 : S1 → B be the family of 3-superelliptic curves associated to ρn,3(C) ⊆ T Sg1,3, and
denote by
(
E˜1,0
B
⊕ E˜0,1
B
, θ˜B
)
the corresponding Higgs bundle associated to f¯1. Then it follows
from Lemma 4.22, whose proof is given later in Section 4, that we have the isomorphism
E˜1,0
B,2
∼= E
1,0
B,2n/3
Hence rank F˜ 1,0
B,2
> 0 by our hypothesis, where F˜ 1,0
B
⊆ E˜1,0
B
is the flat part. Therefore, by
Proposition 3.6 for f¯1, after a suitable e´tale base change, there exists a fibration f¯
′ : S1 → B
′
different from f¯1 such that
g(B
′
) ≥ rank F˜ 1,0
B,1
+ rank F˜ 1,0
B,2
=
(
rank E˜1,0
B,1
− rank E˜1,0
B,2
)
+ 2 rankF˜ 1,0
B,2
≥
(
rank E˜1,0
B,1
− rank E˜1,0
B,2
)
+ 2.
This is a contradiction to (3-19) since 5 ≤ α0 ≤ 9.
(ii). This follows from Proposition 3.19.
(iii). By Proposition 3.6, it suffices to prove that
(3-55) im > n/2.
We divide the proof into two cases.
Consider first the case when C is non-compact. In this case, the proof is similar to that
of Lemma 3.10. By [VZ04, Corollary 4.4], we may assume that the unitary local subsystem
VuB ⊆ VB ⊗C is trivial after a suitable finite base change, i.e., V
u
B = V
tr
B . We proceed along the
possible values of n:
(1). Using Lemma 3.2 and Lemma 3.3, one proves easily that rankF 1,0
B,n/2+1
> 0 if n = 8 or 10;
and that rankF 1,0
B,(n+1)/2
> 0 if n = 9, 15 or 25.
(2). If n = 6, then by Lemma 3.14 and Proposition 3.16, ρ6,3(C) is again a non-compact
Shimura curve, where ρ6,3 is defined in (3-48). Hence by Lemma 4.22, it suffices to prove
rank F˜ 1,0
B,2
> 0, where F˜ 1,0
B
⊕ F˜ 0,1
B
is denoted to be the flat subbundle associated to the new
family representing ρ6,3(C). This has already been discussed in Lemma 3.10: suppose that
rank F˜ 1,0
B,2
= 0. Then using (3-25) and (3-7), one derives a contradiction to (3-14).
(3). If n = 4, we will derive a contradiction when rankF 1,0
B,3
= 0. By Lemma 3.14 and Proposition 3.16,
ρ4,2(C) is again a non-compact Shimura curve, where ρ4,2 is defined in (3-48). More-
over, ρ4,2(C) is contained generically in the hyperelliptic Torelli locus. Hence according
to the proof of [LZ14, Theorem1.4 (ii)], one has rank F˜ 1,0
B
≤ 1, where F˜ 1,0
B
⊕ F˜ 0,1
B
is de-
noted to be the flat subbundle associated to the new family representing ρ4,2(C). Thus
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rankF 1,0
B,2
= rank F˜ 1,0
B
≤ 1 by Lemma 4.22. Since we assume that rankF 1,0
B,3
= 0, by (3-9)
and (3-7) one has
rankF 1,0
B
= rankF 1,0
B,1
+ rankF 1,0
B,2
≤
(
rankE1,0
B,1
− rankE1,0
B,3
)
+ 1.
Equivalently, one has
rankA1,0
B
≥ 2 rankE1,0
B,3
+ rankE1,0
B,2
− 1.
It is clear that qf¯ = rankF
1,0
B
6= 0. According to (3-7), the above bound on rankA1,0
B
gives
a contradiction to (3-14).
Consider next the case when C is compact. In this case, we prove (3-55) by contradiction.
Assume that F 1,0
B,i
= 0 for all i > n/2. Then A1,0
B,i
= E1,0
B,i
for any i > n/2. Combing this with
(3-9), one obtains
rankA1,0
B
=

2
n−1∑
i=(n+1)/2
rankE1,0
B,i
, if 26 | n;
rankA1,0
B,n/2
+ 2
n−1∑
i=(n+2)/2
rankE1,0
B,i
, if 2 |n.
We claim that ρn,2(C) is still a Shimura curve if 2 |n. In fact, if ρn,2(C) were not a Shimura curve,
it follows easily from Proposition 3.16 and Lemma 4.23 that n = 6 and α0 = 8. We remark here
that we apply Proposition 3.16 twice and use the fact that ρ4,2 ◦ ρ8,4 = ρ8,2 when excluding
the case when n = 8. For the case when n = 6 and α0 = 8, by Lemma 4.24 and Lemma 4.25
together with Lemma 4.23 (v), one obtains a contradiction. Thus we may assume that ρn,2(C)
is still a Shimura curve when 2 |n. Combining the above equation with Corollary 4.26 and (3-6),
we obtain a contradiction to (3-12). In fact, let ν = 4(g−1)
rankA1,0
B
. Then
n = 25 n = 15 n = 10 n = 9 n = 8 n = 6 n = 4
α0 = 5 ν = 10 ν = 10 ν = 10 ν =
15
2 ν ≤
26
3 ν ≤ 9 —
α0 = 6 — — — ν = 9 ν ≤ 8 ν ≤ 9 —
α0 = 7 — — — ν =
23
3 — ν ≤ 7 ν ≤ 8
α0 = 8 — — — ν = 9 — ν ≤ 8 ν ≤ 8
α0 = 9 — — — ν = 9 — ν ≤ 9 ν ≤
22
3
α0 = 10 — — — — — — ν ≤ 8
α0 = 11 — — — — — — ν ≤ 7
α0 = 12 — — — — — — ν ≤ 7
α0 = 13 — — — — — — ν ≤
34
5
α0 = 14 — — — — — — ν ≤
36
5
α0 = 15 — — — — — — ν ≤ 8
α0 = 16 — — — — — — ν ≤ 8
This contradicts (3-12).
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(iv). From the uniqueness of the fibration as in (iii), it follows that G admits an induced
action on B
′
. Since gcd(n, im) = 1, it follows from (3-51) that this induced action is faithful.
Moreover, B
′
/G ∼= P1 as the quotient S/G is ruled.
The equality (3-52) follows from a similar argument as the proof of Lemma 3.11. Indeed, by
(3-51) one has
H0
(
S, Ω1
S
)
im
⊕H1
(
S, OS
)
im
=
(
H1(S, Q)⊗ C
)
im
⊆
(
f¯ ′
)∗ (
H1(B
′
, Q)⊗ C
)
,
and the eigen-subspaces
(
H1(S, Q)⊗ C
)
i
’s for 1 ≤ i ≤ p−1 with gcd(n, i) = 1 are permuted by
this action of the arithmetic Galois subgroup Gal
(
Q(ξn)/Q
)
, where ξn is a primitive n-th root
of the unit. Hence ⊕
1≤i≤n
gcd(i,n)=1
(
H1(S, Q)⊗ C
)
i
⊆
(
f¯ ′
)∗ (
H1(B
′
, Q)⊗ C
)
.
By taking the (1, 0)-part, we proves (3-52).
The inequality (3-53) follows immediately from (3-52) together with (3-51), by noting also
that for any 1 ≤ {i, j} ≤ n− 1 with gcd(n, i) = gcd(n, j) = 1 one has
dimH0
(
B
′
, Ω1
B
′
)
i
+ dimH0
(
B
′
, Ω1
B
′
)
n−i
= dimH0
(
B
′
, Ω1
B
′
)
j
+ dimH0
(
B
′
, Ω1
B
′
)
n−j
.
Finally, we prove by contradiction that C is compact. Assume that C is non-compact. If
n = 4 or 6, then im = n − 1 since im > n/2 and gcd(n, im) = 1. Hence by (3-51) one
has g(B
′
) ≥ rankF 1,0
B
, This gives a contradiction to Lemma 3.7 as g ≥ 8. For the rest cases in
(3-50), one checks by (3-7) easily that rankE0,1
B,1
= 0, combining which together with Lemma 3.3
and [VZ04, Corollary 4.4], one obtains that the Higgs subbundle(
E1,0
B
⊕ E0,1
B
, θ
)
1
=
(
F 1,0
B
⊕ F 0,1
B
, 0
)
1
is a trivial Higgs subbundle after a possible e´tale base change. In other words, the corresponding
local subsystem VB, 1 is trivial. By a similar argument as in Lemma 3.10, one shows that VB, i
is also trivial for any 1 ≤ i ≤ n− 1 and gcd(i, n) = 1. Hence
g(B
′
) ≥
∑
1≤i≤n
gcd(i,n)=1
rankE1,0
B,i
=
ϕ(n)
2
· rankE1,0
B,1
.
Since C is non-compact, ∆nc 6= ∅. Similar to the proof of Lemma 3.7, one derives also a
contradiction to (3-19) when restricting f¯ ′ to a fiber F over ∆nc. This completes the proof. 
4. Family of superelliptic curves
In this section we prove some technical properties of semi-stable families of superelliptic curves,
which are used in the last section, mainly including:
(1) an upper bound on the ample part in the Hodge bundle, i.e., the proof of Proposition 3.5;
(2) the existence of a fibration structure, i.e., the proof of Proposition 3.6;
(3) transitivity of Shimura curves, i.e., the proof of Proposition 3.16.
In Section 4.1 we recall some basic facts and notations on families of curves. In Section 4.2
we investigate the invariants of a superelliptic family. In Section 4.3 we study the behavior of
the flat part contained in the associated logarithmic Higgs bundle. In Section 4.4 we study the
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irregular superelliptic family. Finally in Sections 4.5-4.8 we prove the technical results used in
the last section.
4.1. Preliminaries. In the subsection, we collect some generalitie on families of curves. We
refer to [BHPV04] for more details.
Recall that a semi-stable (resp. stable) curve is a complete connected reduced nodal curve
such that each rational component intersects with the other components at ≥ 2 (resp. 3) points.
A semi-stable (resp. stable) family of curves is a flat projective morphism f¯ : S → B from
a projective surface S to a smooth projective curve B with connected fibres such that all the
singular fibres of f¯ are semi-stable (resp. stable) curves. Moreover, f¯ is said to be hyperelliptic
if a general fibre of f¯ is a hyperelliptic curve; and to be isotrivial if all its smooth fibres are
isomorphic to each other. From now on, we assume that f¯ : S → B is a semi-stable family of
curves of genus g ≥ 2 with singular fibres Υ→ ∆ and S is smooth.
Denote by ωS/B = ωS ⊗ f¯
∗ω∨
B
the relative canonical sheaf of f¯ . Let χ(OS) be the Euler
characteristic of the structure sheaf, and χtop(·) be the topological Euler characteristic. Consider
the following relative invariants:
(4-1)

ω2
S/B
= ω2
S
− 8(g − 1)
(
g(B)− 1
)
,
δ(f¯ ) = χtop(S)− 4(g − 1)
(
g(B)− 1
)
=
∑
F∈Υ
δ(F ),
deg f¯∗ωS/B = χ(OS)− (g − 1)
(
g(B)− 1
)
,
where δ(F ) is the number of nodes contained in the fiber F . All the invariants in (4-1) are
nonnegative and satisfy the Noether’s formula:
(4-2) 12 deg f¯∗ωS/B = ω
2
S/B
+ δ(f¯ ).
Since f¯ is semi-stable, we also have the identity
(4-3) ωS/B
∼= Ω1
S/B
(log Υ).
Recall also that
δ(F ) =
[g/2]∑
i=0
δi(F ),
where δi(F ) is the number of nodes of type i contained in F . Here we say a singular point q
of F to be of type i ∈
[
1, [g/2]
]
(resp. 0) if the partial normalization of F at q consists of two
connected components of arithmetic genera i and g − i (resp. is connected). By definition, a
singular fiber F has a compact Jacobian if and only if δ0(F ) = 0. Define δi(f¯) =
∑
F∈Υ
δi(F ),
δh(F ) =
[g/2]∑
i=2
δi(F ), and δh(f¯) =
∑
F∈Υ
δh(F ). Then
(4-4)

δ(F ) =
[g/2]∑
i=0
δi(F ) = δ0(F ) + δ1(F ) + δh(F );
δ(f¯) =
[g/2]∑
i=0
δi(f¯) = δ0(f¯) + δ1(f¯) + δh(f¯).
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4.2. Invariants for a family of superelliptic curves. In this section we define the local
invariants for families of superelliptic curves, and we show that the relative invariants (4-1) of
such a family can be expressed as suitable combinations of the local invariants.
Recall from Definition 1.2 that, an n-superelliptic curve F has an affine equation of the form
yn = F (x)
with F a separable polynomial. We always denote by α0 = deg(F ). As we have seen in (3-6),
the genus g = g(F ) is determined by n and α0. Moreover, there is an induced n-superelliptic
cover π : F → P1, which is a cyclic cover with covering group G ∼= Z/nZ, branch locus R, and
local monodromy a around R as in Remarks 3.8 (i). Let α be given by (1-1). Then n |α if and
only if n |α0 or n | (α0 + 1). Hence from Remarks 3.8 (i) we see that
(4-5) the cover π is branched over ∞ with local monodromy a∞ 6= 1 if and only if n 6 | α.
We first study local families of semi-stable superelliptic curves, i.e., restriction of a family
f¯ : S → T to an open subset T0 ⊂ T with T0 ≃ {t ∈ C : |t| < 1} (for the analytic topology).
Lemma 4.1. Let f¯0 : S0 → T0 be a local family of semi-stable superelliptic curves, with T0
identified with the open unit disk in C. Assume that F 0 = f¯
−1
0 (0) is the unique singular fiber.
Then after a suitable base change, the following statements hold:
(1) the group G ∼= Z/nZ acts on S0 such that it reduces to an n-superelliptic automorphism
group on the general fiber when taking the restriction, and that the quotient map Π0 :
S0 → S0/G branches over α disjoint sections {Di}
α
i=1 of ϕ¯0 plus certain nodes in Γ0 =
ϕ¯−10 (0), where α is given in (1-1), and ϕ¯0 : S0/G→ T0 is the induced family;
(2) the fiber Γ0 with Γ0 ∩ {Di}
α
i=1 as its marked points is a semi-stable α-pointed rational
curve;
(3) there are at least two marked points on Γ
′
0, where Γ
′
0 is any one of the two connected
components of Γ
′
0 \ {y} and y is any node in Γ0.
Proof. The first two statements are clear. For the third one, first it is clear that Γ
′
0 contains
at least one marked point. Hence it suffices to derive a contradiction if Γ
′
0 contains exactly one
marked point. If this indeed occurs, then there is an irreducible component C0 ⊆ Γ
′
0 ⊆ Γ0 such
that C0 intersects Γ0 \ C0 at only one point and that there is a unique marked point on C0. It
follows that E0 is still a smooth rational curve with one intersection point with F 0 \E0, i.e., E0
is a (−1)-curve, where E0 ⊆ F 0 is any component in the inverse image of C0. This implies that
the fiber F 0 is not semi-stable, which is absurd. 
Definition 4.2. Let f¯0 : S0 → T0 ,
{
t
∣∣ |t| < 1} be a local family of semi-stable n-superelliptic
curves with F 0 = f¯
−1
0 (0) as the unique singular fiber. The index of a node x ∈ F 0, denoted as
index(x), is defined as follows:
(i). Assume first that f¯0 satisfies the three statements in Lemma 4.1. Let ℓ = |G · x| be
the number of points in the G-orbit of x, and y ∈ Γ0 = F 0/G be the image of x. Assume that
Γ0\{y} = Γ
′
0∪Γ
′′
0 such that Γ
′
0 (resp. Γ
′′
0) contains γ (resp. α−γ) marked points with α−γ ≥ γ.
In the case when n 6 | α, the section Dα is assumed to be the one whose local monodromy is equal
to a∞, where a∞
(
6= 1 by (4-5)
)
is the local monodromy of∞ as in (3-22); and we always assume
that pα := Dα ∩ Γ0 ∈ Γ
′
0 if γ = α/2. Then we define index(x) to be the triple (γ, ℓ, k) with
k =
{
0, if n |α, or if n 6 | α and pα ∈ Γ
′′
0 ;
1, if n 6 | α and pα ∈ Γ
′
0.
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✥✥
✥✥
✥✥
❵❵
❵❵
❵❵
❵❵
❄
s
s
s
y
x1 = x
xℓ
Γ
′′
0Γ
′
0
r r
r
s rr
rpα
γ points α − γ points
Π0
typical case when index(x) = (γ, ℓ, 1).
(ii). In the general case, we choose any base change T ′0 → T0 such that the family f¯
′
0 : S
′
0 → T
′
0
obtained by pulling-back satisfies the three statements in Lemma 4.1 and let x′ ∈ F
′
0 be any node
over x. Then we define index(x) := index(x′). One checks that the definition is independent on
the choices of the base change and the node x′.
Definition 4.3. (i). For any singular fiber F in a semi-stable family f¯ : S → B of n-superelliptic
curves of genus g ≥ 2, we define the singularity index sγ,ℓ(F ) (resp. s
′
γ,ℓ(F )) of F to be the
number of nodes in F with index equal to (γ, ℓ, 0) (resp. (γ, ℓ, 1)).
(ii). For a semi-stable family f¯ : S → B of n-superelliptic curves of genus g ≥ 2, we define
the singularity indices of f¯ as
sγ,ℓ(f¯) =
∑
sγ,ℓ(F ); s
′
γ,ℓ(f¯) =
∑
s′γ,ℓ(F ).
Here the sum takes over all singular fibers (which are finitely many) of f¯ . If there is no confusion,
we simply denote by sγ,ℓ = sγ,ℓ(f¯) and s
′
γ,ℓ = s
′
γ,ℓ(f¯).
Remarks 4.4. (i). By the definition together with Lemma 4.1, the index (γ, ℓ, k) of a node x
satisfies that 2 ≤ γ ≤ [α/2], and that
(4-6) ℓ =
{
gcd(γ, n), if k = 0;
gcd(α− γ, n), if k = 1.
In other words,
sγ,ℓ = s
′
γ,ℓ = 0, if γ = 1 or γ > [α/2];
sγ,ℓ = 0, if ℓ 6= gcd(γ, n); s
′
γ,ℓ = 0, if ℓ 6= gcd(α− γ, n).
The equality (4-6) needs some explanations: By Definition 4.2, we may assume that the singular
fiber F 0 admits a cyclic cover π : F 0 → Γ0 with covering group G, where Γ0 is a singular rational
curve. Let y = π(x), and Γ0 \ {y} = Γ
′
0 ∪ Γ
′′
0 with Γ
′
0 (resp. Γ
′′
0) containing γ (resp. α− γ ≥ γ)
marked points. Then
• if k = 0: the local monodromy of each marked point on Γ
′
0 is equal to 1, and thus
· if n | γ: π is not branched over y;
· if n 6 | γ: the local monodromy around y ∈ Γ
′
0 for the restricted cyclic cover π
−1(Γ
′
0) → Γ
′
0
is equal to
a′y = n([
γ
n
] + 1)− γ
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• if k = 1: the local monodromy of each marked point on Γ
′′
0 is equal to 1, and thus
· if n | (α− γ): π is not branched over y;
· if n 6 | (α− γ): the local monodromy around y ∈ Γ
′′
0 for the restricted cyclic cover is
a′′y = n([
α− γ
n
] + 1)− (α− γ).
We thus obtain the value of ℓ:
ℓ = |G · x| = |π−1(y)| =

n = gcd(γ, n), if k = 0 and n | γ;
gcd(a′y, n) = gcd(γ, n), if k = 0 and n 6 | γ;
n = gcd(α− γ, n), if k = 1 and n | (α− γ);
gcd(a′′y , n) = gcd(α− γ, n), if k = 1 and n 6 | (α− γ).
(ii). For any singular fiber F , we have
(4-7) s′γ,ℓ(F ) = 0, ∀ γ, ℓ, if n |α,
and
[α/2]∑
γ=2
∑
ℓ>1
(
sγ,ℓ(F ) + s
′
γ,ℓ(F )
)
= δ0(F );
{
sγ,1(F ) + s
′
γ,1(F ) = δi(γ)(F ), if r∞ = n,
sγ,1(F ) = δi(γ)(F ), s
′
γ,1(F ) = δj(γ)(F ), if r∞ 6= n,
where r∞ =
n
gcd(n,α0)
is the ramification index of the cover π at ∞ as in Remarks 3.8 (i), and
i(γ) =
(n − 1)(γ − 1)
2
j(γ) =
(n − 1)(γ − 2) + r∞−1r∞ · n
2
= g −
(n− 1)(α − γ − 1)
2
.
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Theorem 4.5. Let f¯ : S → B be a family of semi-stable n-superelliptic curves of genus g ≥ 2
over a projective curve, and let bγ =
(n2−1)γ(α−γ)
α−1 − n
2. Then
ω2
S/B
=

∑
γ, ℓ
bγ ·
sγ,ℓ
ℓ2
, if n |α,
∑
γ, ℓ
(
bγ −
(n2 − r2∞)γ(γ − 1)
r2∞(α− 1)(α − 2)
)
·
sγ,ℓ
ℓ2
+
∑
γ, ℓ
(
bγ −
(n2 − r2∞)(α − γ)(α − γ − 1)
r2∞(α − 1)(α − 2)
)
·
s′γ,ℓ
ℓ2
,
if n 6 | α,
(4-8)
deg f¯∗ωS/B =

1
12
∑
γ, ℓ
(bγ + ℓ
2) ·
sγ,ℓ
ℓ2
, if n |α,
1
12
∑
γ, ℓ
(
bγ + ℓ
2 −
(n2 − r2∞)γ(γ − 1)
r2∞(α− 1)(α − 2)
)
·
sγ,ℓ
ℓ2
+
1
12
∑
γ, ℓ
(
bγ + ℓ
2 −
(n2 − r2∞)(α− γ)(α− γ − 1)
r2∞(α− 1)(α − 2)
)
·
s′γ,ℓ
ℓ2
,
if n 6 | α,
(4-9)
δ(f¯) =

∑
γ, ℓ
sγ,ℓ, if n |α,
∑
γ, ℓ
(
sγ,ℓ + s
′
γ,ℓ
)
, if n 6 | α.
(4-10)
Proof. First, (4-10) follows directly from Definition 4.3; see also Remarks 4.4 (ii). Note also that
(4-9) follows from (4-2), (4-8) and (4-10). So it suffices to prove (4-8).
Since any finite base change only modifies the two sides of (4-8) by a common multiple, we
may, up to a finite base change, assume that there exists an action of G ∼= Z/nZ on S, such
that Y = S/G is ruled over B, and that the quotient Π : S → Y is branched over α disjoint
sections
{
Di
}α
i=1
of the induced family ϕ¯ : Y → B and possibly some of the nodes in fibers of
ϕ¯ (cf. Lemma 4.1). Moreover, if n 6 | α, one may further assume that Dα is the section whose
restriction to a general fiber Γ ∼= P1 of ϕ¯ corresponds to the branch point ∞ of the restricted
cover Π|F : F → Γ
∼= P1. In this case, the ramification index of Dα is r∞ =
n
gcd(a∞,n)
. Let’s
consider the following commutative diagram.
S
Π
//
f¯

Y = S/G
ϕ¯

B B
For any node yj in some fiber Γ0 of ϕ¯, if the local equation of Y around yj is given by
xy − tmj , then we call mj the multiplicity of yj. Let ℓj be the number of points in S over yj,
and Γ0 \ {yj} = Γ
′
0 ∪ Γ
′′
0 with Γ
′
0 (resp. Γ
′′
0) containing γj (resp. α− γj ≥ γj) marked points. If
n 6 | α and γj = α/2, then we assume that Dα ∩ Γ0 ∈ Γ
′
0. Then we define the index of yj to be
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(γj , ℓj , kj), where
kj =
{
0, if n |α, or if n 6 | α and Dα ∩ Γ0 ∈ Γ
′′
0 ;
1, if n 6 | α and Dα ∩ Γ0 ∈ Γ
′
0.
With the notations introduced above, we claim that
Claim 4.6. (i). If n |α, then
(α− 1)
α∑
i=1
D2i = −
∑
yj
mjγj(α− γj).
(ii). If n 6 | α, then
(α− 2)
α−1∑
i=1
D2i = −
∑
yj
mj(γj − kj)(α+ kj − 1− γj);
(α− 1)
α∑
i=1
D2i = −
∑
yj
mjγj(α− γj).
Proof of Claim 4.6. The proof is similar to that of [CH88, Lemma4.8]. As an illustration, we
prove (ii) here.
Note that both of the sides are invariant if we resolve the singularities on Y , and hence we
may assume that Y is smooth. Moreover, we may contract Y to a P1 bundle ϕ : Y → B over B
such that the order of the singularities of R0 =
∑
Di,0 is at most [α/2], and that Dα,0 does not
pass through any singularity of order equal to α/2 if n 6 | α, where Di,0 ⊆ Y is the image of Di.
Note that in the P1 bundle Y , one has (Di,0 −Dj,0)
2 = 0, i.e., D2i,0 +D
2
j,0 = 2Di,0 ·Dj,0. Hence
(α− 2)
α−1∑
i=1
D2i,0 = 2
∑
1≤i<j≤α−1
Di,0 ·Dj,0;
(α − 1)
α∑
i=1
D2i,0 = 2
∑
1≤i<j≤α
Di,0 ·Dj,0.
Now blowing up a point with exactly γ of these sections passing through it will create a node y
of index (γ, ℓ, k) in the fibers, where k = 0 if Dα,0 does not pass through this point, and k = 1 if
Dα,0 passes through this point; at the same time, the left hand side (resp. the right hand side)
of the first equality above decreases by (γ − k)(α − 2)
(
resp. (γ − k)(γ − k − 1)
)
, and the left
hand side (resp. the right hand side) of the second equality above decreases by γ(α− 1)
(
resp.
γ(γ − 1)
)
. Thus
(α − 2)
α−1∑
i=1
D2i = 2
∑
1≤i<j≤α−1
Di ·Dj −
∑
yj
mj(γj − kj)(α+ kj − 1− γj);
(α− 1)
α∑
i=1
D2i = 2
∑
1≤i<j≤α
Di ·Dj −
∑
yj
mjγj(α− γj).
Note that in Y , these sections
{
Di
}α
i=1
are disjoint with each other, i.e., Di · Dj = 0 for any
i 6= j. Hence we complete the proof of the claim. 
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Come back to the proof of (4-8). Let ξγ,ℓ (resp. ξ
′
γ,ℓ) be the number of the nodes in fibers of
ϕ¯ with index (γ, ℓ, 0) (resp. (γ, ℓ, 1)), counted according to their multiplicities. Then
(4-11) sγ,ℓ = ℓ ·
ξγ,ℓ
n/ℓ
=
ℓ2
n
· ξγ,ℓ, s
′
γ,ℓ = ℓ ·
ξ′γ,ℓ
n/ℓ
=
ℓ2
n
· ξ′γ,ℓ.
By the definitions, we have (see also Remarks 4.4 (ii))
(4-12) ξ′γ,ℓ = s
′
γ,ℓ = 0, if n |α.
According to Claim 4.6, we obtain that if n |α, then
(4-13a) (α− 1)
α∑
i=1
D2i = −
∑
γ, ℓ
γ(α− γ)ξγ,ℓ = −
∑
γ, ℓ
nγ(α− γ)
ℓ2
· sγ,ℓ;
and that if n 6 | α, then
(4-13b)

(α − 2)
α−1∑
i=1
D2i = −
∑
γ, ℓ
(
γ(α− 1− γ)ξγ,ℓ + (γ − 1)(α − γ)ξ
′
γ,ℓ
)
= −
∑
γ, ℓ
(
nγ(α− 1− γ)
ℓ2
· sγ,ℓ +
n(γ − 1)(α − γ)
ℓ2
· s′γ,ℓ
)
,
(α− 1)
α∑
i=1
D2i = −
∑
γ, ℓ
γ(α− γ)(ξγ,ℓ + ξ
′
γ,ℓ) = −
∑
γ, ℓ
nγ(α− γ)
ℓ2
· (sγ,ℓ + s
′
γ,ℓ).
By the construction, we have
(4-14) ω2
Y /B
= −
∑
γ, ℓ
(ξγ,ℓ + ξ
′
γ,ℓ) = −
∑
γ, ℓ
n(sγ,ℓ + s
′
γ,ℓ)
ℓ2
; ωY /B ·Di = −D
2
i , ∀ 1 ≤ i ≤ α.
By the Riemann-Hurwitz formula, one has
ω2
S/B
=

Π
∗
(
ωY /B +
n− 1
n
α∑
i=1
Di
)
, if n |α;
Π
∗
(
ωY /B +
n− 1
n
α−1∑
i=1
Di +
r∞ − 1
r∞
Dα
)
, if n 6 | α.
Hence if n |α, then
(4-15a) ω2
S/B
= n
(
ωY /B +
n− 1
n
α∑
i=1
Di
)2
= n
(
ω2
Y /B
−
n2 − 1
n2
α∑
i=1
D2i
)
,
and if n 6 | α, then
(4-15b)
ω2
S/B
= n
(
ωY /B +
n− 1
n
α−1∑
i=1
Di +
r∞ − 1
r∞
Dα
)2
= n
(
ω2
Y /B
−
n2 − 1
n2
α−1∑
i=1
D2i −
r2∞ − 1
r2∞
D2α
)
.
Combining the equalities (4-15a), (4-15b), (4-14), (4-13a), (4-13b), and (4-12) all together, we
complete the proof of (4-8) and Theorem 4.5. 
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We conclude this subsection by proving the non-existence of hyperelliptic fibers in a family
of n-superelliptic curves, which will be used to prove Proposition 3.5 in Section 4.5.
Lemma 4.7. Let f¯ : S → B be a family of semi-stable n-superelliptic curves as in Theorem 4.5
with α ≥ 5. Assume moreover that the general fiber of f¯ is not hyperelliptic. Then f¯ admits no
(smooth or singular) hyperelliptic fiber with a compact Jacobian.
Proof. We divide the proof into three steps.
Step I: We show that f¯ admits no smooth hyperelliptic fiber.
This is clear by the Castelnuovo-Severi inequality (cf. [Acc06]). Indeed, if there was such a
smooth hyperelliptic fiber F , then F admits two different maps of degree 2 and n respectively
onto P1 without common non-trivial factorization. Hence g ≤ n − 1 by the Castelnuovo-Severi
inequality (cf. [Acc06]). This is a contradiction to (3-6) once α ≥ 5.
Step II: Let F be a singular hyperelliptic fiber of f¯ with a compact Jacobian. For any irreducible
component D ⊆ F , we show that
• either g(D) = 0 and D2 = −2;
• or 1 ≤ g(D) ≤ n−12 and D
2 = −1.
Let F
#
be the stable model of F . Then it suffices to show 1 ≤ g(D) ≤ n−12 and D
2 = −1
for any component D ⊆ F
#
. Note that F
#
admits two automorphisms τ and ι, where τ is of
order n and ι is the hyperelliptic involution. Both the quotients F
#
/〈τ〉 and F
#
/〈ι〉 are trees of
rational curves. By [LZ14, Lemma5.7], any component D ⊆ F
#
is not rational, i.e., g(D) ≥ 1.
Hence both τ and ι act non-trivially on D. It is clear that the hyperelliptic involution ι keeps
D invariant and acts faithfully on D. Without loss of generality, we may assume that τ also
keeps D invariant and hence acts faithfully on D; otherwise, we replace τ by a suitable power
τk0 (the only difference is that the order of τ is smaller after this replacment). For the sake of
notations, we still denote by τ and ι their restriction on D. Let
ΣD = {x ∈ D | x is a node of F
#
}.
It is clear that |ΣD| = −D
2, Moreover, as F
#
admits a compact Jacobian, x is fixed by both τ
and ι for any node x ∈ F
#
; in fact, let F
′
and F
′′
be the two connected components of F
#
\{x}.
Then both F
′
and F
′′
are kept invariant under τ (and ι), and x is the unique intersection of
F
′
and F
′′
since F
#
admits a compact Jacobian. Hence x = F
′
∩ F
′′
is fixed by both τ and ι.
Thus τ and ι are commutative with each other as automorphisms of D, since they admit at least
one common fixed point on D (i.e., any point in ΣD). It follows that τ induces a non-trivial
automorphism τ ′ on D/〈ι〉 ∼= P1. Let |τ | be the order of τ , and
Dτ =
{
x ∈ D | x is fixed by τk for some 1 ≤ k < |τ |
}
⊆ D,
and µ =
∣∣Dτ ∣∣. Then by Hurwitz formula, one has
2g(D) ≤ (n− 1)(µ − 2).
Since g(D) 6= 0, it follows that µ ≥ 3. Let Fix(τ ′) ⊆ P1 be the fixed locus of τ ′. Then∣∣Fix(τ ′)∣∣ = 2, and π(Dτ) ⊆ Fix(τ ′),
where π : D → D/〈ι〉 ∼= P1 is the quotient map, which is of degree two. Note that ΣD ⊆ Dτ
and π−1
(
π(x)
)
= x for any x ∈ ΣD. It follows that
3 ≤ µ =
∣∣Dτ ∣∣ ≤ 2 ∣∣Fix(τ ′) \ π(ΣD)∣∣+ |ΣD| = 4− |ΣD|.
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Therefore µ = 3, and hence g(D) ≤ n−12 and D
2 = −|ΣD| = −1 as required.
Step III: We show that f¯ admits no singular hyperelliptic fiber with a compact Jacobian.
If there were such a singular hyperelliptic fiber F , let k (resp. k′) be the number of rational
components (resp. irrational components) in F . Then by Step II, one has
δ(F ) =
1
2
∑
{D 6=D′}⊆F
D ·D′ = −
1
2
∑
D⊆F
D2 =
1
2
(2k + k′).
On the other hand, since F admits a compact Jacobian, we get
δ(F ) = k + k′ − 1.
Combining the above two equalities, we obtain k′ = 2. Hence g ≤ k · 0+ k′ · n−12 = n− 1, which
contradicts the Hurwitz formula (3-6) since α ≥ 5. This completes the proof. 
4.3. Flat part in the Higgs bundle for a family of superelliptic curves. In this sub-
section, we study the flat part in the logarithmic Higgs bundle
(
E1,0
B
⊕ E0,1
B
, θB
)
associated to
a family f¯ : S → B of semi-stable superelliptic curves. The main purpose is to prove certain
triviality of the flat part and the existence of fibration structions on S up to base change. We
will freely use the notations introduced at the beginning of Section 4.2.
As the main technique is based on cyclic covers, we always assume in this subsection that the
group G ∼= Z/nZ admits an action on S whose restriction on the general fiber is an n-superelliptic
automorphism group. As we see in Remarks 3.8, one can achieve this by a suitable finite base
change (not necessarily e´tale). Note that the Galois cover Π : S → Y = S/G induces a Galois
cover Π′ : S′ → Y˜ whose branch locus is a normal crossing divisor and with Gal(Π′) ∼= G, where
Y˜ → Y is the minimal resolution of singularities. Let S˜ → S′ be the minimal resolution of
singularities. Then there is an induced birational contraction S˜ → S fitting into the following
commutative diagram.
S˜ //

f˜

Π˜
))
S′
Π′
// Y˜

ϕ˜

S
f¯

Π
// Y
ϕ¯

B B
Figure 4.1. Induced Galois cover
Since Π′ : S′ → Y˜ is a cyclic cover of degree n, we may assume it is defined by the following
relation:
Ln ≡ OY
(
R˜
)
, where ‘≡’ stands for linear equivalence.
Following [EV92], if R˜ =
∑
ajDj is the decomposition into prime divisors, we define
L(i) = Li ⊗OY˜
(
−
∑[ iaj
n
]
Dj
)
.
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Restricting to a general fiber Γ˜ of ϕ˜, one has
(4-16) L(i)|Γ˜
∼=

OP1
( iα0
n
)
, if
iα0
n
∈ Z;
OP1
([ iα0
n
]
+ 1
)
, if
iα0
n
6∈ Z.
Let R˜ ⊆ Y˜ be the reduced branch divisor of Π′, i.e., the support of R˜. Then by [Vie82,
Lemma1.7], one has the inclusion
(4-17) τ1 : Π˜∗Ω
1
S˜
→֒ Ω1
Y˜
⊕n−1⊕
j=1
Ω1
Y˜
(log R˜)⊗ L(j)
−1
 .
Lemma 4.8. For each 1 ≤ i ≤ n− 1, there is a sheaf morphism
(4-18) ̺i : ϕ˜
∗F 1,0
B,i
−→ Π˜∗Ω
1
S˜
,
such that the induced canonical morphism
(4-19) F 1,0
B,i
= ϕ˜∗ϕ˜
∗F 1,0
B,i
−→ ϕ˜∗Π˜∗Ω
1
S˜
= f˜∗Ω
1
S˜
= f¯∗Ω
1
S
−→ f¯∗Ω
1
S/B
(log Υ) = E1,0
B
coincides with the inclusion F 1,0
B,i
→֒ F 1,0
B
→֒ E1,0
B
. Moreover, we may choose ̺i so that the image
of ̺i is contained in Ω
1
Y˜
(log R˜)⊗ L(i)
−1
under the inclusion (4-17).
Proof. According to [LZ14, Corollary 7.2], there exists a sheaf morphism
(4-20) ¯̺ : f¯∗F 1,0
B
−→ Ω1
S
,
such that the induced canonical morphism
F 1,0
B
= f¯∗f¯
∗F 1,0
B
−→ f¯∗Ω
1
S
−→ f¯∗Ω
1
S
(log Υ) −→ f¯∗Ω
1
S/B
(log Υ) = E1,0
B
coincides with the inclusion F 1,0
B
→֒ E1,0
B
. Since ρ˜∗Ω1
S
⊆ Ω1
S˜
, by pulling back (4-20), we obtain a
sheaf morphism
f˜∗F 1,0
B
= ρ˜∗f¯∗F 1,0
B
−→ Ω1
S˜
,
which corresponds to an element
η˜ ∈ H0
(
S˜,Ω1
S˜
⊗ f˜∗
(
F 1,0
B
)∨)
.
By pushing-out, we also obtain an element
Π˜∗(η˜) ∈ H
0
(
Y˜ , Π˜∗
(
Ω1
S˜
⊗ f˜∗
(
F 1,0
B
)∨))
= H0
(
Y˜ , Π˜∗Ω
1
S˜
⊗ ϕ˜∗
(
F 1,0
B
)∨)
.
Hence one gets a sheaf morphism
(4-21) ̺ : ϕ˜∗F 1,0
B
−→ Π˜∗Ω
1
S˜
.
By restricting to ϕ˜∗F 1,0
B,i
, we obtain ̺i as in (4-18) such that the induced morphism (4-19)
coincides with the inclusion F 1,0
B,i
→֒ F 1,0
B
→֒ E1,0
B
.
Note that the group G acts on both sides of (4-20). One may require that the morphism ¯̺ is
equivariant with respect to G. So it is with the morphism ̺. Combining (4-21) with (4-17), we
obtain a sheaf morphism
ϕ˜∗F 1,0
B
−→ Ω1
Y˜
⊕n−1⊕
j=1
Ω1
Y˜
(log R˜)⊗ L(j)
−1
 ,
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which is compatible with the G-actions on both sides. Hence the the image of ̺i is contained in
Ω1
Y˜
(log R˜)⊗ L(i)
−1
. 
Lemma 4.9. Let R˜ ⊆ Y˜ be the reduced branch divisor of Π′ as above, and Γ˜ be a general fiber
of ϕ˜. Assume that R˜ contains at least one section of ϕ˜, and that there exist 1 ≤ i1 ≤ i2 ≤ n− 1
such that F 1,0
B,i1
6= 0, F 1,0
B,i2
6= 0, and
(4-22) Γ˜ ·
(
ωY˜ (R˜)⊗
(
L(i1)
−1
⊗ L(i2)
−1
))
< 0.
Then both F 1,0
B,i1
and F 1,0
B,i2
become trivial after a suitable finite e´tale base change.
Proof. We divide the proof into two steps.
Step I: We show that for any non-zero unitary subbundle Uˆ ⊆ F 1,0
B,i
with i = i1 or i2, the image
̺i(ϕ˜
∗Uˆ) is an invertible subsheaf Mˆ such that Mˆ is numerically effective (nef), Mˆ2 = 0, and
Mˆ ·D = 0 for any component D ⊆ R˜h, where ̺i is given in (4-18).
The proof of this step is similar to that of [LZ14, Lemma7.3], and here we only do it for i = i1,
as the case for i = i2 is completely parallel. By Lemma 4.8, the image ̺i1(ϕ˜
∗Uˆ) is contained in
Ω1
Y˜
(log R˜) ⊗ L(i1)
−1
, and it is non-zero if Uˆ 6= 0. Mimicking the proof of [LZ14, Lemma 7.3], it
suffices to show that the image ̺i1(ϕ˜
∗Uˆ) is a subsheaf of rank one if Uˆ 6= 0. We prove this by
contradiction. Assume that it is not the case. By taking wedge-product, one obtains a non-zero
map
τ ◦ ̺i1 ∧ τ ◦ ̺i2 : ϕ˜
∗Uˆ ⊗ ϕ˜∗F 1,0
B,i2
−→ ∧2 Ω1
Y˜
(log R˜)⊗
(
L(i1)
−1
⊗ L(i2)
−1
)
= ω
Y˜
(R˜)⊗
(
L(i1)
−1
⊗ L(i2)
−1
)
.
Denote by C the image of the above map, we proceed to establish the semi-positivity of C; here
we recall that a locally free sheaf E on Y˜ is called semi-positive, if for any morphism ψ : Z → Y˜
from a smooth complete curve Z, the pulling-back ψ∗E has no quotient line bundle of negative
degree.
• On the one hand, for any morphism ψ : Z → Y˜ from a smooth complete curve Z, ψ∗
(
ϕ˜∗F 1,0
B,i1
⊗
ϕ˜∗F 1,0
B,i2
)
is poly-stable of slope zero since it comes from a unitary representation (cf. [NS65]),
which implies that ϕ˜∗Uˆ ⊗ ϕ˜∗F 1,0
B,i2
is semi-positive. Therefore, as a quotient of ϕ˜∗Uˆ ⊗ ϕ˜∗F 1,0
B,i2
,
C is also semi-positive.
• On the other hand, from (4-22) it follows that ωY˜ (R˜)⊗
(
L(i1)
−1
⊗ L(i2)
−1
)
can not contain
any non-zero semi-positive subsheaf. It contradicts the semi-positivity of C.
Hence the image ̺i1(ϕ˜
∗Uˆ) is a subsheaf of rank one as required.
Step II: We show that both F 1,0
B,i1
and F 1,0
B,i2
become trivial after a suitable finite e´tale base
change.
The proof of this step is similar to that of [LZ14, Proposition 7.4]. In fact, by [Del71, § 4.2], it
suffices to show that F 1,0
B,i
is a direct sum of line bundles after a suitable unramified base change
for i = i1 or i2. By assumption, R˜h contains at least one section of ϕ˜. Let D ⊆ R˜h be such a
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section, and
F 1,0
B,i
=
⊕
j
Uij
be the decomposition of F 1,0
B,i
into irreducible subbundles. By Step I with the unitary subbundle
Uij ⊆ F
1,0
B,i
, we obtain Mij ·D = 0, i.e., degOD(Mij) = 0, where Mij is the image ̺i(ϕ˜
∗Uij). As
D is a section, D ∼= B. Hence we may view OD(Mij) as an invertible sheaf on B, which is a
quotient of Uij since Mij is a quotient of ϕ˜
∗Uij. As Uij comes from a unitary local system, Uij
is poly-stable. Thus Uij = OD(Mij) ⊕ U
′
ij . Because Uij is irreducible, Uij = OD(Mij) is a line
bundle as required. 
Remark 4.10. Let a∞ be the local monodromy around ∞ for the induced cyclic cover to P
1 on
the general fiber of f¯ as in (3-22). If a∞ 6= 1, then R˜ clearly contains a section of ϕ˜. In general,
as pointed out at the beginning in the proof of Theorem 4.5, after a suitable finite base change
(may not be e´tale), R˜ consists of distinguished sections of ϕ˜ (i.e., the inverse image of {Di}
α
i=1)
plus certain components in the fibers of ϕ˜ (i.e., the inverse image of certain nodes in fibers of
ϕ¯). In particular, we can always achieve the assumption that R˜ contains at least one section of
ϕ˜ using base change (may not be e´tale).
Corollary 4.11. Assume that R˜ contains at least one section of ϕ˜, and that F 1,0
B,i0
6= 0 for some
i0 ≥ n/2. Then after a suitable unramified base change, F
1,0
B,i
is trivial for any n− i0 ≤ i ≤ i0.
Proof. Note that
Γ˜ · ωY˜ (R˜) =
{
α0 − 2, if n |α0;
α0 − 1, if n 6 | α0.
Hence by (4-16), one checks easily that
Γ˜ ·
(
ω
Y˜
(R˜)⊗
(
L(i)
−1
⊗ L(i0)
−1
))
< 0, ∀ n− i0 ≤ i ≤ i0.
Hence by applying Lemma 4.9 to the case when i1 = i0 and i2 = i with n − i0 ≤ i ≤ i0 and
F 1,0
B,i
6= 0, we complete the proof. 
In the rest part of this subsection, we focus on the existence of a fibration structure on S.
Since G acts on S, it induces an action on H0(S, Ω1
S
). Let
H0
(
S, Ω1
S
)
=
n−1⊕
i=0
H0
(
S, Ω1
S
)
i
be the eigenspace decomposition. Then H0
(
S, Ω1
S
)
0
∼= f¯∗H0
(
B, Ω1
B
)
, and according to [Fuj78a,
Theorem3.1],
(4-23) dimH0
(
S, Ω1
S
)
i
= rank
(
F 1,0
B,i
)tr
, ∀ 1 ≤ i ≤ n− 1,
where
(
F 1,0
B,i
)tr
⊆ F 1,0
B,i
is the trivial part contained in the flat bundle F 1,0
B,i
as in Lemma 3.2.
Lemma 4.12. Assume that there exist 1 ≤ i1 ≤ i2 ≤ n − 1, such that (4-22) holds, and that
H0
(
S, Ω1
S
)
i1
6= 0 and H0
(
S, Ω1
S
)
i2
6= 0. Then there exists a unique fibration f¯ ′ : S → B
′
such
that
(4-24) H0
(
S, Ω1
S
)
i
⊆
(
f¯ ′
)∗
H0
(
B
′
, Ω1
B
′
)
, for i = i1, i2.
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Proof. First, the uniqueness of such a fibration is clear. It suffices to show the existence of
such a fibration with the property (4-24). By Castelnuovo-de Franchis lemma (cf. [BHPV04,
Theorem IV-5.1]), it is enough to show that
(4-25) ωi1 ∧ ωi2 = 0, ∀ ωi1 ∈ H
0
(
S, Ω1
S
)
i1
and ωi2 ∈ H
0
(
S, Ω1
S
)
i2
.
As an easy case, if i1 + i2 = n, then it is clear that
ωi1 ∧ ωi2 ∈ H
0
(
S, Ω2
S
)G
= Π
∗
H0
(
Y , Ω2
Y
)
= 0, since Y is ruled over B.
In general, we have to apply a more detailed description on the differential sheaves associated
to cyclic covers due to Esnault-Viehweg [EV92]. First note that H0
(
S˜, Ωk
S˜
)
∼= H0
(
S, Ωk
S
)
for
k = 1, 2, and this isomorphism is compatible with the action of the group G. It suffices to prove
(4-25) for S˜. There is an inclusion
ιk : Π˜∗Ω
k
S˜
→֒ Ωk
Y˜
⊕(n−1⊕
i=1
Ωk
Y˜
(log R˜)⊗ L(i)
−1
)
.
Taking global sections, we obtain an injection
ιk : H
0
(
S˜, Ωk
S˜
)
= H0
(
Y˜ , Π∗Ω
k
S˜
)
→֒ H0
(
Y˜ , Ωk
Y˜
)⊕(n−1⊕
i=1
H0
(
Y˜ , Ωk
Y˜
(log R˜)⊗ L(i)
−1))
,
which is compatible with the action of the group G on both sides, i.e., ιk
(
H0
(
S˜, Ωk
S˜
)
0
)
⊆ H0
(
Y˜ , Ωk
Y˜
)
,
ιk
(
H0
(
S˜, Ωk
S˜
)
i
)
⊆ H0
(
Y˜ , Ωk
Y˜
(log R˜)⊗L(i)
−1)
, ∀ 1 ≤ i ≤ n− 1.
By pulling back, we have the following injection map, which is just the inclusion map.
Π˜∗(ιk) : H
0
(
S˜, Ωk
S˜
)
i
→֒ H0
(
S˜, Ωk
S˜
(log R˜′)⊗ Π˜∗L(i)
−1)
, ∀ 1 ≤ i ≤ n− 1,
where R˜′ is the support of the divisor Π˜−1(R˜). Since the wedge-product operation is clearly
commutative with the inclusion map, it follows that for any two 1-forms ωi1 ∈ H
0
(
S, Ω1
S
)
i1
and
ωi2 ∈ H
0
(
S, Ω1
S
)
i2
, one has
ωi1 ∧ ωi2 ∈ H
0
(
S˜, Ωk
S˜
(log R˜′)⊗ Π˜∗L(i1)
−1
⊗ Π˜∗L(i2)
−1)
.
Let F˜ ⊆ S˜ be a general fiber of f˜ , and Γ˜ = Π˜
(
F˜
)
. Then by the assumption (4-22), one obtains
that
F˜ ·
(
Ω2
S˜
(log R˜′)⊗ Π˜∗L(i1)
−1
⊗ Π˜∗L(i2)
−1
)
= n Γ˜ ·
(
ωY˜ (R˜)⊗ L
(i1)−1 ⊗ L(i2)
−1
)
< 0.
Hence
H0
(
Y˜ , Ω2
Y˜
(log R˜)⊗ L(i1)
−1
⊗ L(i2)
−1)
= 0.
This shows that ωi1 ∧ ωi2 = 0 as required. 
Corollary 4.13. Assume that H0
(
S, Ω1
S
)
i0
6= 0 for some i0 ≥ n/2. Then after a suitable base
change, there exists a unique fibration f¯ ′ : S → B
′
such that
(4-26)
i0⊕
i=n−i0
H0
(
S, Ω1
S
)
i
⊆
(
f¯ ′
)∗
H0
(
B
′
, Ω1
B
′
)
.
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Proof. Since H0
(
S, Ω1
S
)
i0
6= 0, it follows from (4-23) that F 1,0
B,i0
6= 0. Hence by Corollary 4.11
and Remark 4.10, after a suitable base change, F 1,0
B,i
is trivial for any n− i0 ≤ i ≤ i0. Combining
this with (3-7) and (3-9), one obtains
dimH0
(
S, Ω1
S
)
n−i0
= rankF 1,0
B,n−i0
≥ rankF 1,0
B,i0
= dimH0
(
S, Ω1
S
)
i0
> 0.
According to the proof of Corollary 4.11, the assumption (4-22) holds if i1 = i0 and i2 = n− i0.
Hence by Lemma 4.12, there exists a unique fibration f¯ ′n−i0 : S → B
′
n−i0 such that
H0
(
S, Ω1
S
)
i0
⊕H0
(
S, Ω1
S
)
n−i0
⊆
(
f¯ ′n−i0
)∗
H0
(
B
′
n−i0 , Ω
1
B
′
n−i0
)
.
In fact, the same holds also if we replace n− i0 by any i satisfying that n− i0 ≤ i ≤ i0 and that
H0
(
S, Ω1
S
)
i
6= 0, i.e., there exists a unique fibration f¯ ′i : S → B
′
i such that
H0
(
S, Ω1
S
)
i0
⊕H0
(
S, Ω1
S
)
i
⊆
(
f¯ ′i
)∗
H0
(
B
′
i, Ω
1
B
′
i
)
.
Since H0
(
S, Ω1
S
)
i0
6= 0, from the uniqueness of these fibrations f¯ ′i ’s, it follows that these f¯
′
i ’s
are in fact the same one. We denote such a fibration by f¯ ′ : S → B
′
, which is of course unique
and the inclusion (4-26) holds. This completes the proof. 
From the uniqueness of f¯ ′ obtained in Lemma 4.12, it follows that there is an induced map
(4-27) ι : G −→ Aut (B
′
).
Since G ∼= Z/nZ is a cyclic group, Ker(ι) ∼= Z/mZ for some m with m |n.
Lemma 4.14. Assume that there exist 1 ≤ i1 ≤ i2 ≤ n − 1, such that (4-22) holds, and
that H0
(
S, Ω1
S
)
i1
6= 0 and H0
(
S, Ω1
S
)
i2
6= 0. Let f¯ ′ : S → B
′
be the fibration obtained in
Lemma 4.12, and ι be given in (4-27). Then(
f¯ ′
)∗
H0
(
B
′
, Ω1
B
′
)
⊆
⊕
m | i
H0
(
S, Ω1
S
)
i
, where m is order of Ker(ι).
Proof. Let τ ∈ G be any generator of G. Then τm is a generator of Ker(ι) by construction.
Hence (
f¯ ′
)∗
H0
(
B
′
, Ω1
B
′
)
⊆ H0
(
S, Ω1
S
)τm
,
where
H0
(
S, Ω1
S
)τm
,
{
ω ∈ H0
(
S, Ω1
S
) ∣∣ (τm)∗ω = ω}
=
⊕
m | i
H0
(
S, Ω1
S
)
i
.
This completes the proof. 
Corollary 4.15. Assume that H0
(
S, Ω1
S
)
i0
6= 0 for some i0 ≥ n/2, and let f¯
′ : S → B
′
be the
fibration obtained in Corollary 4.13. Assume moreover that gcd(i0, n) = 1. Then G induces a
faithful action on B
′
, such that B
′
/G ∼= P1 and
(4-28) H0
(
S, Ω1
S
)
i
=
(
f¯ ′
)∗
H0
(
B
′
, Ω1
B
′
)
i
, for any 1 ≤ i ≤ n− 1 with gcd(i, n) = 1.
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Proof. Let ι : G → Aut (B
′
) be defined in (4-27). By Corollary 4.13 and Lemma 4.14, one
obtains that ι is an isomorphism, and G acts faithfully on B
′
. Moreover, taking the quotients
of the G-actions, we obtain the following commutative diagram.
S
Π
//
f¯ ′

Y
ϕ¯′

B
′ π
// B
′
/G
Since Y is a ruled surface over B, it follows that B
′
/G ∼= P1. It remains to show (4-28).
Consider the Q-vector space H1
(
S, Q
)
, which admits a natural G-action. Let
H1
(
S, Q
)
⊗ C = H1
(
S, C
)
=
n−1⊕
i=0
H1
(
S, C
)
i
be the eigenspace decomposition. The morphism f¯ ′ induces an inclusion
(4-29)
(
f¯ ′
)∗
: H1
(
B
′
, Q
)
⊗ C = H1
(
B
′
, C
)
→֒ H1
(
S, C
)
= H1
(
S, Q
)
⊗ C,
which is clearly compatible with the actions of G on both sides. By (4-26), it follows that(
f¯ ′
)∗
H1
(
B
′
, C
)
i
= H1
(
S, C
)
i
, for i ∈ {i0, p− i0}.
As a vector subspace of H1
(
S, C
)
,
(
f¯ ′
)∗
H1
(
B
′
, C
)
is defined over Q. Hence it follows from
(4-29) that
(4-30)
(
f¯ ′
)∗
H1
(
B
′
, C
)
⊇
⊕
1≤i≤n−1
gcd(i,n)=1
H1
(
S, C
)
i
.
Combining (4-29) with (4-30), and taking the (1, 0)-parts, we complete the proof of (4-28). 
4.4. Irregular family of superelliptic curves. In this subsection, we consider irregular fam-
ilies of superelliptic curves, i.e., the relative irregularity of the family is positive. This will be
used to obtain a better slope inequality for irregular families of superelliptic curves. The main
purpose of this subsection is to prove
Proposition 4.16. Let f¯ : S → B be a family of semi-stable n-superelliptic curves of genus
g ≥ 2 as in Theorem 4.5. Assume that the relative irregularity qf¯ := q(S)− g(B) > 0. Then
(4-31)

4
n
· s′2,n ≤
∑
γ,ℓ
nγ(α− γ)
ℓ2(α− 1)
· (sγ,ℓ + s
′
γ,ℓ);
1
n
· s′2,n ≤
∑
γ, ℓ
(
nγ(γ − 1)
ℓ2(α− 1)(α− 2)
sγ,ℓ +
n(α− γ)(α − γ − 1)
ℓ2(α− 1)(α− 2)
s′γ,ℓ
)
.
Proof. To prove (4-31), we may assume that s′2,n > 0, i.e., the singular fibers of f¯ contains nodes
with index (2, n, 1). In particular, n | (α − 2) by (4-6), i.e., α0 = nk + 1 for some integer k by
(1-1). Hence for any general fiber F of f¯ ,
(4-32) the induced n-superelliptic cover π : F → P1 is totally ramified.
Similar to the proof of Theorem 4.5, we may assume that G ∼= Z/nZ admits an action on S
such that Π : S → Y is branched over α disjoint sections {Di}
α
i=1 and possibly over some nodes
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in fibers of ϕ¯. Let ρ˜ : Y˜ → Y be the resolution of the singularities of Y , and ρ : Y˜ → Y be a
contraction to a P1-bundle over B such that the order of the singularities of R0 =
α∑
i=1
Di,0 is at
most [α/2], and that Dα,0 does not pass through any singularity of order equal to α/2, where
Di,0 ⊆ Y is the image ρ
(
ρ˜−1(Di)
)
.
Y˜
ρ1
//
ρ˜

ρ
**❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱ Y1
ρ0

Y
ϕ¯
&&▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
Y
ϕ
xxqq
qq
qq
qq
qq
qq
q
B
Note that ρ consists of a sequence of blowing-ups centered at singularities of R0. We reorder
these blowing-ups as ρ : Y˜
ρ1
−→ Y1
ρ0
−→ Y such that ρ0 is the resolution of singularities of
α−1∑
i=1
Di,0. In other words, all nodes in the fibers of ϕ¯ with index equal to (2, n, 1) (resp. not equal
to (2, n, 1)) are created by ρ1 (resp. ρ0), where the notion for the index of a node in the fibers
of ϕ¯ are introduced in the proof of Theorem 4.5. Let Di,1 = ρ1
(
ρ˜−1(Di)
)
. Then by (4-11),
α∑
i=1
D2i,1 =
α∑
i=1
(
ρ˜−1(Di)
)2
+ 4ξ′2,n =
α∑
i=1
(
ρ˜−1(Di)
)2
+
4
n
· s′2,n;
D2α,1 =
(
ρ˜−1(Dα)
)2
+ ξ′2,n =
(
ρ˜−1(Dα)
)2
+
1
n
· s′2,n
Note also that the sections {Di}
α
i=1 do not pass through any singularity of Y . Hence {ρ˜
−1(Di)}
α
i=1
are still disjoint sections, and by (4-13b) one gets
α∑
i=1
(
ρ˜−1(Di)
)2
=
α∑
i=1
D2i = −
∑
γ, ℓ
nγ(α− γ)
ℓ2(α− 1)
· (sγ,ℓ + s
′
γ,ℓ);
(
ρ˜−1(Dα)
)2
= D2α = −
∑
γ, ℓ
(
nγ(γ − 1)
ℓ2(α− 1)(α − 2)
sγ,ℓ +
n(α− γ)(α− γ − 1)
ℓ2(α− 1)(α − 2)
s′γ,ℓ
)
.
Therefore, it suffices to show that
α∑
i=1
D2i,1 ≤ 0 and D
2
α,1 ≤ 0, which follow directly from the next
lemma. 
Lemma 4.17. Keep the assumptions as in the proposition above. Then the divisor R1 =
α∑
i=1
Di,1
is semi-negative definite.
Proof. Let ψ : S˜ → S be the minimal blowing-up such that there exists a morphism Π˜ : S˜ → Y˜
with the following commutative diagram.
S˜
Π˜
//
ψ

Y˜
ρ˜

ρ1
// Y1
S
Π
// Y
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Let
(
ρ1 ◦ Π˜
)−1
(R1) ⊆ S˜ be the total inverse image of R1, and R˜ ⊆ S˜ be its support. Then it
suffices to show that the divisor R˜ is semi-negative definite.
By construction, the action of G ∼= Z/nZ on S lifts to S˜. Let Alb(S˜) be the Albanese variety
of S˜, and τ be any generator of G. Then f˜ := f¯ ◦ ψ induces a map Alb(f˜) : Alb(S˜)→ Alb(B)
and τ has a natural action on Alb(S˜). Let
Alb0(S˜) =
{
x ∈ Alb(S˜)
∣∣ n∑
i=1
τ i(x) = e
}
, where e ∈ Alb(S˜) is the identity element.
Then we claim that
Claim 4.18. Alb(S˜) is isogenous to Alb0(S˜)⊕Alb(f˜)
−1
(
Alb(B)
)
and dimAlb0(S˜) = qf¯ .
Proof of Claim 4.18. Note that τ has a natural action on H0
(
S˜,Ω1
S˜
)
by pulling-back, and the
map f˜ induces an injection
f˜∗ : H0
(
B,Ω1
B
)
→֒ H0
(
S˜,Ω1
S˜
)
, such that f˜∗H0
(
B,Ω1
B
)
=
{
ω ∈ H0
(
S˜,Ω1
S˜
) ∣∣ τ∗(ω) = ω} .
To prove this claim, it suffices to show that
(4-33) H0
(
S˜,Ω1
S˜
)
= f˜∗H0
(
B,Ω1
B
)
⊕W, where W =
{
ω ∈ H0
(
S˜,Ω1
S˜
) ∣∣ n∑
i=1
(τ∗
)i
(ω) = 0
}
.
On the one hand, it is clear that f˜∗H0
(
B,Ω1
B
)
∩ W = 0. On the other hand, for any ω ∈
H0
(
S˜,Ω1
S˜
)
, let ω′ = 1n
n∑
i=1
(τ∗
)i
(ω). Then it is easy to verify that ω′ ∈ f˜∗H0
(
B,Ω1
B
)
, and that
ω − ω′ ∈W . Hence we obtain the decomposition ω = ω′ + (ω − ω′) as required. 
Denote by J0 : S˜ → Alb0(S˜) the induced map. Then we claim that
Claim 4.19. Let B˜1 ⊆ S˜ be the strict inverse image of R1. Then B˜1 is contracted by J0.
Proof of Claim 4.19. Let D ⊆ B˜1 be any irreducible component, D˜ its normalization, j : D˜ → S˜
the induced map and ϑ = J0 ◦ j : D˜ → Alb0(S˜) the composition. We have to prove that ϑ(D˜)
is a point.
We prove by contradiction. Assume that ϑ(D˜) is one-dimensional. Then the induced map
ϑ∗ : H0
(
Alb0(S˜), Ω
1
Alb0(S˜)
)
−→ H0
(
D˜, Ω1
D˜
)
is non-zero. On the other hand, it is clear that ϑ∗ factors through
H0
(
Alb0(S˜), Ω
1
Alb0(S˜)
)
J∗0−→ H0
(
S˜, Ω1
S˜
)
j∗
−→ H0
(
D˜, Ω1
D˜
)
.
By (4-33), there is a decomposition of the form H0
(
S˜, Ω1
S˜
)
= f˜∗H0(B,Ω1
B
) ⊕ W , and W
contains the image of J∗0 according to the proof of Claim 4.18. To deduce a contradiction, it
suffices to prove that the restriction
j∗
∣∣
W
: W −→ H0
(
D˜, Ω1
D˜
)
is zero.
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In fact, let p ∈ D be an arbitrary smooth point of D. Note that τ fixes D due to (4-32).
Hence locally around p, there exists local coordinate (x, y) such that C is defined by y = 0 and
the action of τ is given by τ(x, y) = (x, ǫy), where ǫ is a primitive n-th root of 1. For any 1-form
ω = ζ(x, y)dx+ η(x, y)dy ∈ H0
(
S˜, Ω1
S˜
)
,
one has
ω ∈W ⇐⇒
n∑
i=1
ζ(x, ǫiy) = 0,
n∑
i=1
ǫiη(x, ǫiy) = 0.
Hence if ω ∈W , y should divide the function ζ(x, y), i.e., ζ(x, y) = y · ζ˜(x, y) for some function
ζ˜(x, y). In other words, j∗ω
∣∣
j−1(p)
= 0 for any ω ∈ W . It follows that j∗ω = 0 for any ω ∈ W
since p is arbitrary. This completes the proof. 
Come back to the proof of Lemma 4.17. By construction, the divisor R˜ consists of B˜1 plus
some rational curves. According to Claim 4.19, R˜ is contracted by the map J0 : S˜ → Alb0(S˜).
Note that the image J0(S˜) generates the abelian variety Alb0(S˜) with dimAlb0(S˜) = qf¯ by
Claim 4.18. Since qf¯ > 0, it follows that J0(S˜) is not a point, i.e., dim J0(S˜) ≥ 1. Therefore
by the Hodge index theorem, R˜ is semi-negative definite, and hence R1 is also semi-negative
definite. This completes the proof of Lemma 4.17. 
4.5. Proof of Proposition 3.5. Since g ≥ n, it follows that α ≥ 5 by the Riemann-Hurwitz
formula (3-6). According to Lemma 4.7, the family f¯ admits no hyperelliptic fiber with compact
Jacobian. Hence the Arakelov type equality (3-3) holds for E1,0
B
. Therefore, our conclusion
follows from the next lemma.
Lemma 4.20. Let f¯ : S → B be a family of semi-stable n-superelliptic curves as in Theorem 4.5.
and let Υnc → ∆nc be the singular fibers with non-compact Jacobians.
(i). If ∆nc = ∅ and g ≥ n, then
(4-34) deg f¯∗ωS/B ≤
2g − 2
λn,c
· degΩ1
B
,
where λn,c is defined in (3-13).
(ii). Assume that ∆nc 6= ∅, g ≥ 4 and qf¯ > 0. If either n = 3 or 4, then
(4-35) deg f¯∗ωS/B <
2g − 2
λn,nc
· degΩ1
B
(log∆nc),
where λ3,nc and λ4,nc are defined in (3-15) and (3-16) respectively.
The above lemma follows directly from the Miyaoka-Yau type inequality [LZ14, Theorem4.1]
together the following improved slope inequalities for a family of semi-stable superelliptic curves.
Lemma 4.21. Let f¯ : S → B be a family of semi-stable n-superelliptic curves as before.
(i). If ∆nc = ∅ and g ≥ n, then
(4-36) ω2
S/B
≥ λn,c · deg f¯∗ωS/B + 2δ1(f¯) + 3δh(f¯),
where λn,c is defined in (3-13).
(ii). Assume that ∆nc 6= ∅, g ≥ 4 and qf¯ > 0. If either n = 3 or 4, then
(4-37) ω2
S/B
≥ λn,nc · deg f¯∗ωS/B + 2δ1(f¯) + 3δh(f¯),
where λ3,nc and λ4,nc are defined in (3-15) and (3-16) respectively.
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To complete the proof of Proposition 3.5, it suffices to prove the above improved slope in-
equalities.
Proof of Lemma 4.21. We use the notations introduced in Section 4.2.
(i). Since ∆nc = ∅, one gets that δ0(f¯) = 0, from which and Remarks 4.4, it follows that
sγ,ℓ = s
′
γ,ℓ = 0 for any ℓ > 1, and
sγ,1 = 0, if gcd(γ, n) 6= 1, and s
′
γ,1 = 0, if gcd(α− γ, n) 6= 1.
Moreover,
δ1(f¯) =

s2,1, if n = 3;
s′2,1, if n = 4 and α = 4k + 3 with k ≥ 1;
0, otherwise.
δh(f¯) =
[α/2]∑
γ=2
(sγ,1 + s
′
γ,1)− δ1(f¯).
Hence by Theorem 4.5 we obtain
ω2
S/B
− λn,c · deg f¯∗ωS/B
=

[α/2]∑
γ=2
(
zγ −
λn,c
12
(zγ + 1)
)
sγ,1, if n |α0,
[α/2]∑
γ=2
(
zγ −
λn,c
12
(zγ + 1)
)
sγ,1 +
[α/2]∑
γ=2
(
z′γ −
λn,c
12
(z′γ + 1)
)
s′γ,1, if n 6 | α0,
≥ 2δ1(f¯) + 3δh(f¯),
where
zγ =
(n2 − 1)γ(α − γ)
α− 1
− n2 −
(n2 − d2)γ(γ − 1)
d2(α− 1)(α − 2)
with d =
{
n, if n |α0,
r∞, if n 6 | α0,
z′γ =
(n2 − 1)γ(α − γ)
α− 1
− n2 −
(n2 − d2)(α− γ)(α − γ − 1)
d2(α− 1)(α − 2)
.
This completes the proof.
(ii). We prove here only for the case when n = 3; the case when n = 4 can be proven similarly.
Since n = 3, it follows from (1-1) that α = 3k or 3k + 2 for some integer k. According to (4-7)
and (4-6), when α = 3k, we have
s′γ,ℓ = 0; sγ,1 = 0, if 3 | γ; sγ,3 = 0, if 36 | γ;
and when 3k + 2, we have{
sγ,1 = 0, if 3 | γ; s
′
γ,1 = 0, if 3 | (γ + 1);
sγ,3 = 0, if 36 | γ; s
′
γ,3 = 0, if 36 | (γ + 1).
Hence
(4-38) δ0(f¯) =
[α/2]∑
γ=2
(sγ,3 + s
′
γ,3), δ1(f¯) = s2,1, δh(f¯) =
[α/2]∑
γ=3
(sγ,1 + s
′
γ,1), and s2,3 = 0.
56 KE CHEN, XIN LU, AND KANG ZUO
If α = 3k, then s′2,3 = 0; moreover, since g ≥ 4, one has k ≥ 2 by (3-6). Hence by Theorem 4.5
one obtains that (where λ1 =
15α−63
2(α−3) )
ω2
S/B
− λ1 · deg f¯∗ωS/B =
[α/2]∑
γ=2
((8γ(α − γ)
α− 1
− 9
)
−
λ1
12
·
(8γ(α− γ)
α− 1
− 8
))
(sγ,1 + s
′
γ,1)
+
[α/2]∑
γ=3
((8γ(α − γ)
9(α − 1)
− 1
)
−
λ1
12
·
8γ(α − γ)
9(α − 1)
)
(sγ,3 + s
′
γ,3)
≥ 2δ1(f¯) + 3δh(f¯).
If α = 3k + 2, then one again has k ≥ 2. If moveover s′2,3 = 0, then one can show again that
ω2
S/B
≥
15α− 63
2(α− 3)
· deg f¯∗ωS/B + 2δ1(f¯) + 3δh(f¯).
Hence we may assume that s′2,3 6= 0. In this case, we have (where λ2 =
6α−18
α−2 )
(4-39)
ω2
S/B
− λ2 · deg f¯∗ωS/B
=
[α/2]∑
γ=2
((8γ(α − γ)
α− 1
− 9
)
−
λ2
12
·
(8γ(α − γ)
α− 1
− 8
))
(sγ,1 + s
′
γ,1)
−
1
9
s′2,3 +
[α/2]∑
γ=3
((8γ(α − γ)
9(α − 1)
− 1
)
−
λ2
12
·
8γ(α − γ)
9(α − 1)
)
(sγ,3 + s
′
γ,3).
Note that s′2,1 = 0 in this case. Hence by (4-31) for n = 3 one obtains that
s′2,3 ≤
[α/2]∑
γ=2
9γ(α− γ)
2α
(
sγ,1 +
sγ,3
9
)
+
[α/2]∑
γ=3
9γ(α− γ)
2α
(
s′γ,1 +
s′γ,3
9
)
;
s′2,3 ≤
[α/2]∑
γ=2
9γ(γ − 1)
2(α− 2)
(
sγ,1 +
sγ,3
9
)
+
[α/2]∑
γ=3
9(α − γ)(α− γ − 1)
2(α − 2)
(
s′γ,1 +
s′γ,3
9
)
.
Let x = α(α−7)(α−1)(α−4) . Then 0 < x < 1 since α ≥ 8. Hence
(4-40)
s′2,3 ≤
[α/2]∑
γ=2
(
9γ(α− γ)
2α
· x+
9γ(γ − 1)
2(α − 2)
· (1− x)
)(
sγ,1 +
sγ,3
9
)
+
[α/2]∑
γ=3
(
9γ(α− γ)
2α
· x+
9(α − γ)(α− γ − 1)
2(α− 2)
· (1− x)
)(
s′γ,1 +
s′γ,3
9
)
=
[α/2]∑
γ=2
9γ
(
α2 − (γ + 8)α+ 10γ + 4
)
2(α− 2)(α − 4)
(
sγ,1 +
sγ,3
9
)
+
[α/2]∑
γ=3
9(α− γ)
(
(γ + 2)α− 10γ + 4
)
2(α − 2)(α − 4)
(
s′γ,1 +
s′γ,3
9
)
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Combining (4-40) together with (4-39) and (4-38), we obtain that if s′2,3 > 0, then
ω2
S/B
≥
6α− 18
α− 2
· deg f¯∗ωS/B + 2δ1(f¯) + 3δh(f¯).
This completes the proof of (4-37) for the case when n = 3. 
4.6. Proof of Proposition 3.6. It follows directly from Corollary 4.11 and Corollary 4.13. 
4.7. Proof of Proposition 3.16. In this subsection, we prove Proposition 3.16, which is used
in the induction process in the proof of Theorem 1.7. We use the notations introduced at the
beginning of Section 3.3. Before entering the proof, let’s first do some preparations.
Lemma 4.22. Let
(
E1,0
B
⊕ E0,1
B
, θB
)
and
(
E˜1,0
B
⊕ E˜0,1
B
, θ˜B
)
be the corresponding logarithmic
Higgs bundles associated to the families f¯ and f¯1 respectively. Then the Galois group G ∼= Z/nZ
(resp. G1 ∼= Z/n1Z) admits a natural action on the logarithmic Higgs bundle associated to f¯
(resp. f¯1), and the eigenspaces satisfy that (where m1 =
n
n1
)
(4-41)
(
E˜1,0
B
⊕ E˜0,1
B
, θ˜B
)
i
∼=
(
E1,0
B
⊕ E0,1
B
, θB
)
im1
, ∀ 1 ≤ i ≤ n1 − 1,
Proof. Let τ ∈ G be any generator, H 6 G be the subgroup generated by τm1 , and G1 = G/H.
Then
n1−1⊕
i=1
(
E1,0
B
⊕ E0,1
B
, θB
)
im1
=
(
E1,0
B
⊕E0,1
B
, θB
)H
.
On the other hand, by construction, S1 is birational to the quotient S/H. It follows that(
E˜1,0
B
⊕ E˜0,1
B
, θ˜B
)
∼=
(
E1,0
B
⊕E0,1
B
, θB
)H
.
Hence (
E˜1,0
B
⊕ E˜0,1
B
, θ˜B
)
∼=
n1−1⊕
i=1
(
E1,0
B
⊕ E0,1
B
, θB
)
im1
.
Note that the group G1 acts naturally on both sides, and that the above isomorphism is clearly
equivariant with respect to the actions of G1. This proves (4-41). 
Lemma 4.23. Notations as above. Assume that C is a Shimura curve but ρn,n1(C) is not a
Shimura curve. Then
(i) n1 |α0 and n 6 | α0;
(ii) up to a suitable finite e´tale base change, f¯ : S → B is birational to the resolution
of a degree-n cyclic cover of a P1-bundle ϕ : Y → B branched exactly over α0 + 1
disjoint sections, denoted as D1, · · · ,Dα0+1, such that the local monodromy is 1 around
D1, · · · ,Dα0 , and equals a∞ = n(1− {
α0
n }) around Dα0+1;
(iii) up to a suitable finite e´tale base change, the Higgs subbundle
n1−1⊕
i=1
(
E1,0
B
⊕ E0,1
B
, θB
)
im1
is a trivial Higgs subbundle, where m1 =
n
n1
;
(iv) F 1,0
B,i
= 0 for any i ≥ m1 and m1 6 | i;
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(v) if moreover the general fiber of f¯ admits a unique n-superelliptic automorphism group
G and there eixsts a generator of G commuting with any automorphism of the general
fiber, then
(4-42) rankA1,0
B
≤

(
n2 −
(
n
r∞
)2)
(α0 − 2)
6
(
(n− 1)α0 − 2n
) , if ℓ1 = 1;
n2 −
(
n
r∞
)2
6n
+
(ℓ21 − 1)α0
6n(α0 − 2)
, if ℓ1 > 1.
where r∞ =
n
gcd(n,α0)
and ℓ1 = gcd(α0 − 1, n).
Proof. As above, after a possible base change, we assume that the group G acts on S, and let
f¯1 : S1 → B be the new family of semi-stable n1-superelliptic curves. Assume that f¯ is given
by yn = Ft(x), where t is the parameter. Then both of the two families f¯ and f¯1, up to base
change, are birational to the resolution of cyclic covers of a P1-bundle ϕ : Y → B branched over
the zero locus of Ft(x) and possibly over the section at the infinity (depending on whether n1
and n divide α0 or not respectively). In other words, choose suitable birational models, we have
the following diagram.
S˜
Πn,n1
//
Π

❃❃
❃❃
❃❃
❃❃
S˜1
Π1
⑧⑧
⑧⑧
⑧⑧
⑧⑧
Y
Here Πn,n1 is induced by the rational map Πn,n1 : S 99K S1, and the difference between the
branch loci of Π and of Π1 is at most the section at the infinity; see (3-22) and (3-46).
Since ρn,n1(C) is not a Shimura curve, it follows from Lemma 3.14 that ρn,n1(C) is a (special)
point in T Sg1,n1 . In other words, the semi-stable family f¯1 is isotrivial by construction. Being
semi-stable, the family f¯1 is actually a smooth family. In other words, up to some elementary
transformations of the P1-bundle Y , the branch locus R1 of the cover Π1 is smooth and the
restricted map ϕ|R1 : R1 → B is e´tale; here we recall that an elementary transformation of
a P1-bundle X is a new P1-bundle X ′ obtained by first blowing up some point x ∈ X and
then contracting the strict inverse image of the fiber of X through x. We should remark that
an elementary transformation is a birational operation, but it may transfer the section at the
infinity to somewhere else.
(i). The first statement is clear from the above arguments; otherwise, the branch loci of Π and
Π1 are the same by the above arguments together with (3-22) and (3-46). Since f¯1 is isotrivial,
it follows that f¯ is also an iso-trivial family, which is a contradiction since C is a Shimura curve.
(ii). By (i) and its proof above, we obtain that the branch locus R of Π equals the branch locus
R1 of Π1 plus one another section. On the other hand, as the restricted map ϕ|R1 : R1 → B
is e´tale, it follows that after a possible suitable finite e´tale base change, R1 becomes α0 disjoint
sections. Since R equals R1 plus one another section Dα0+1, and the local monodromy around
each component in R1 (resp. the component Dα0+1) is 1
(
resp. a∞ = n
([
α0
n
]
+ 1
)
− α0
)
by
construction, this proves the second statement.
(iii). Since f¯1 is isotrivial, the Higgs bundle associated to f¯1 is trivial after a suitable unram-
ified base change. Hence this statement follows directly from (4-41).
(iv). Note that the rank of the subbundle F 1,0
B,i
does not decrease after base change. Hence it
suffices to prove the statement after any finite base change. By the above arguments, it follows
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that S1 ∼= B×F 1 up to some finite e´tale base change, where F 1 is a general fiber of f¯1 : S1 → B.
Composed the rational map Πn,n1 : S 99K S1 with the second projection S1 → F 1, we obtain a
rational map pf1 : S 99K F 1. Since g(F 1) > 0 by construction, it follows that pf1 is in fact a
morphism. By (iii) together with [Fuj78a, Theorem3.1] (see also (4-23)), we have
rank f¯∗Ω
1
S/B
(log Υ)i = dimH
0
(
S, Ω1
S
)
i
, ∀ m1 | i & i 6= 0.
Together with (4-41), we obtain that
(4-43)
(
pf1
)∗
H0
(
F 1, Ω
1
F 1
)
=
⊕
m1 | i & i 6=0
H0
(
S, Ω1
S
)
i
.
Assume that the flat part F 1,0
B,i0
6= 0 for some i0 ≥ m1 and m1 6 | i0. By (i), one has α0 = kn1
with k ≥ 1.
If k ≥ 2, i.e., α0 ≥ 2n1, then F
1,0
B,n−m1
6= 0 by (4-41). Hence up to base change, we may
assume that F 1,0
B,i0
is trivial by Corollary 4.11. This is equivalent to saying that H0
(
S, Ω1
S
)
i0
6= 0
by (4-23). By Corollary 4.13, there exists a unique fibration f¯ ′ : S → B
′
such that (4-26) holds.
Together with (4-43), it follows that f¯ ′ is the same as pf1 obtained above. This is a contradiction
by (4-26) and (4-43).
If k = 1, i.e., α0 = n1, then F
1,0
B,n−2m1
6= 0 by (4-41). Moreover, if we let Γ˜ be the general
fiber of ϕ˜ as in Section 4.3, then
Γ˜ ·
(
ωY˜ (R˜)⊗
(
L(n−2m1)
−1
⊗ L(i0)
−1
))
= − 2 + (α0 + 1)−
(n − 2m1)α0
n
−
(
i0 · n
n
−
[
i0(n− α0)
n
])
= 1−
i0
m1
−
(
i0(n− α0)
n
−
[
i0(n− α0)
n
])
< 0.
Hence similarly as above, one derive a contradiction. This proves (iv).
(v). In this case, as remarked in Remarks 3.8 (iii), the group G ∼= Z/nZ can be extended
to S without any base change. In other words, the above properties (i)-(iii) hold for f¯ , and
simultaneously one has the Arakelov type equality as in (3-3) for f¯ .
Let sγ,ℓ = sγ,ℓ(f¯) and s
′
γ,ℓ = s
′
γ,ℓ(f¯) be the local invariants of f¯ introduced in Definition 4.3.
We first claim that
(4-44) sγ,ℓ = 0 for any (γ, ℓ), and s
′
γ,ℓ = 0 unless (γ, ℓ) = (2, ℓ1).
In fact, by (ii), the branch locus of Π consists of α0 disjoint sections
α0∑
i=1
Di plus one another
section Dα0+1. Moreover, the local monodromy around Di is 1 for 1 ≤ i ≤ α0, and that around
Dα0+1 is a∞. Let ξγ,ℓ (resp. ξ
′
γ,ℓ) be the number of the nodes in fibers of ϕ¯ with index (γ, ℓ, 0)
(resp. (γ, ℓ, 1)), counted according to their multiplicities, where ϕ¯ : Y , S/G → B is the
induced quotient family as in the proof of Theorem 4.5. Then it is easy to see that
ξγ,ℓ = 0 for any (γ, ℓ); and ξ
′
γ,ℓ = 0 unless γ = 2.
Moreover, ξ2,ℓ = 0 unless ℓ = ℓ1 by (4-6). Hence (4-44) follows from (4-11).
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According to (4-44) together with (4-9) and (4-11), we get
(4-45)
degE1,0
B
= deg f¯∗ωS/B =

(
n2 −
(
n
r∞
)2)
(α0 − 2)
α0
+ (ℓ21 − 1)
 · s′2,ℓ1
12ℓ21
=

(
n2 −
(
n
r∞
)2)
(α0 − 2)
α0
+ (ℓ21 − 1)
 · ξ′2,ℓ1
12n
.
On the other hand, by Step 1 we know that the P1-bundle Y contains α0 ≥ 4 disjoint
sections up to a suitable unramified base change, hence it follows that Y ∼= B × P1. Let
pr2 : Y ∼= B × P
1 → P1 be the projection, and
ψ : Dα0+1 →֒ Y
pr2
−→ P1
be the induced map on Dα0+1. Note that Di is contracted by pr2 for 1 ≤ i ≤ α0. It follows
that ψ is surjective. Let Rψ ⊆ Dα0+1 be the ramified divisor of ψ. Then by Hurwitz formula, it
follows that
deg(Rψ) = 2g(Dα0+1)− 2− 2 deg(ψ) = 2g(B)− 2 + 2deg(ψ).
Let νi = |Di ∩Dα0+1| be the number of points contained in Di ∩Dα0+1 for 1 ≤ i ≤ α0, and |∆|
be the number of the singular fibers of f¯ . Then
(4-46) ξ′2,1 =
α0∑
i=1
Di ·Dα0+1 = α0 deg(ψ),
and
α0∑
i=1
νi = |∆| ≤ s
′
2,1 =
ℓ21
n
· ξ′2,1 =
ℓ21
n
· α0 deg(ψ).
Hence
(4-47)
2g(B)− 2 + 2deg(ψ) = deg(Rψ) ≥
α0∑
i=1
(deg(ψ)− νi)
= α0 · deg(ψ)−
α0∑
i=1
νi = α0 · deg(ψ)− |∆|
≥
(
1−
ℓ21
n
)
· α0 deg(ψ)
Combining (4-45) with (4-46), we have
(4-48) degE1,0
B
=

(
n2 −
(
n
r∞
)2)
(α0 − 2)
α0
+ (ℓ21 − 1)
 · α0 deg(ψ)
12n
.
Note that
|∆nc| = 0, if ℓ1 = 1; and |∆nc| = |∆|, if ℓ1 > 1.
Combining this with the Arakelov type equality in (3-3) and (4-47), one obtains
degE1,0
B
= deg f¯∗ωS/B ≥

rankA1,0
B
2
·
(
(n− 1)α0
n
− 2
)
deg(ψ), if ℓ1 = 1;
rankA1,0
B
2
· (α0 − 2) deg(ψ), if ℓ1 > 1.
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Combining the above inequality together with (4-48), we complete the proof. 
In order to apply Lemma 4.23 (v), one still needs the next two lemmas.
Lemma 4.24. Let F be an n-superelliptic curve of genus g > (p − 1)(2p − 1) with n = 2p for
some prime p. Then F admits a unique n-superelliptic cover.
Proof. This follows from the Castelnuovo-Severi inequality (cf. [Acc06]). Indeed, if there were
two different n-superelliptic covers:
π : F −→ P1, and π˜ : F −→ P1,
then the ramified loci of both π and π˜ have the same number of points with the same ramification
indices. Locally, we may assume that π and π˜ are defined by yn = F (x) and yn = F˜ (x)
respectively, where both F (x) and F˜ (x) are separable polynomials of equal degree. Let α0 =
deg(F ) = deg(F˜ ), and let D and D˜ be defined by zp = F (x) and zp = F˜ (x) respectively. Then
α0 > 2p by (3-6) as g > (p − 1)(2p − 1), and one has
g(D) = g(D˜) =

(p− 1)(α0 − 2)
2
, if p | α0;
(p− 1)(α0 − 1)
2
, if p 6 | α0.
If D 6∼= D˜, then F admits two different double covers to D and D˜ respectively. Hence by the
Castelnuovo-Severi inequality,
g ≤ 1 + 2g(D) + 2g(D˜).
This contradicts (3-6) together with the above formulas for g(D) and g(D˜).
If D ∼= D˜, then again by the Castelnuovo-Severi inequality, there is a unique action of G′ =
Z/pZ on D ∼= D˜. By the definitions of D and D˜, this implies that the polynomials F (x) and
F˜ (x) are conjugate to each other under the automorphism group of P1. Hence the covers π and
π˜ are the same, which is also a contradiction. 
Lemma 4.25. For any n-superelliptic curve F , if F admits a unique n-superelliptic automor-
phism group G ∼= Z/nZ, then σ ◦ τ = τ ◦ σ for any σ ∈ G and τ ∈ Aut (F ).
Proof. Let F be defined by yn = F (x) as usual. As F admits a unique n-superelliptic auto-
morphism group, it follows that σ acts only y and τ induces an automorphism on the quotient
P1 = F/G. In other words,
σ(x, y) = (x, ξy) with ξn = 1, τ(x, y) =
(
τ1(x), τ2(x, y)
)
,
Note that τ1 is an automorphism of P
1 and keeps the branch locus of π : F → P1 = F/G
invariant.
If π is branched over ∞ with local monodromy a∞ 6= 1, then τ1 must keep ∞ invariant,
and F
(
τ1(x)
)
has the same set of roots as F (x). Hence τ1(x) = ax + b for some a, b ∈ C, and
F
(
τ1(x)
)
= k∗ · F (x) with k∗ 6= 0. As τ is an automorphism group of F , one obtains that
τ2(x, y) = η · y with η
n = k∗. Therefore, it is clear that σ ◦ τ = τ ◦ σ.
It remains to consider the case when π is not branched over ∞, since the case when π is
branched over ∞ with local monodromy 1 can be reduced to the former case by automorphism
of P1. In this case, n | α0, where α0 = deg(F (x)). Moreover, as an automorphism of P
1, τ1 has
the form τ1(x) =
ax+b
cx+d . Since τ1 keeps the set of roots of F (x) invariant, F
(
τ1(x)
)
= k
∗·F (x)
(ax+b)α0 .
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Hence τ2(x, y) =
η·y
(ax+b)α0/n
with ηn = k∗. One checks easily again that σ ◦ τ = τ ◦ σ. This
completes the proof. 
Proof of Proposition 3.16. We prove by contradiction. Assume that ρn,n′(C) is not a Shimura
curve. Then by Lemma 4.23 one has
(4-49) n′ | α0 and n 6 | α0.
(4-50) F 1,0
B,i
= 0, for any i ≥ m′ with m′ 6 | i, where m′ = n/n′.
On the other hand, by (3-7) one has
rankE1,0
B,m′+1
− rankE1,0
B,n−m′−1
= α0 − 1− 2
[
(m′ + 1)α0
n
]
.
If n′ ≥ 4, or n′ = m′ = 3, then one checks easily that
rankE1,0
B,m′+1
− rankE1,0
B,n−m′−1
> 0.
This together with (3-10) implies in particular that F 1,0
B,m′+1
6= 0, which contradicts (4-50).
If n′ = 3 and m′ = 2, then n = 6 and α0 = 6k + 3 for some k ≥ 1 by (4-49); if n
′ = 2,
then n = 4 by the definition of n′, and α0 = 4k + 2 for some k ≥ 1 by (4-49). In any of the
two cases above, by Lemma 4.24 and Lemma 4.25, one verifies easily that the assumptions of
Lemma 4.23 (v) are satisfied. Hence by (4-42) one has rankA1,0
B
< 1, i.e., rankA1,0
B
= 0. In
other words, degE1,0
B
= degA1,0
B
= 0, which is a contradiction since f¯ is non-isotrivial. This
completes the proof. 
We end this subsection by showing the following property on a Shimura C ⊆ T Sg,n with 2 | n.
Corollary 4.26. Let C ⊆ T Sg,n be a Shimura curve as in Proposition 3.16. If C is compact
and n is even, then either
(i) ρn,2(C) is a point and A
1,0
B,n/2
= 0;
or
(ii) ρn,2(C) is also a Shimura curve, rankA
1,0
B,n/2
is even, and
(4-51) rankA1,0
B,n/2
≥
rankE1,0
B,n/2
2
.
Proof. Consider the image ρn,2(C) ⊆ T Hg′,2, where ρ is defined in (3-48). By Lemma 3.14,
ρn,2(C) is either a point, or a compact Shimura curve. In the first case, it is clear that A
1,0
B,n/2
=
0 by Lemma 4.22. In the later case, from Lemma 2.5 together with (4-41), it follows that
rankA1,0
B,n/2
is even; and for (4-51), it suffices to prove
(4-52) rank A˜1,0
B
≥
rank E˜1,0
B
2
,
where we write •˜ for the corresponding objects associated to the family f¯1 of semi-stable hyper-
elliptic curves associated to the Shimura curve ρn,2(C). In this hyperelliptic case, up to e´tale
base change, one has qf¯1 = rank E˜
1,0
B
− rank A˜1,0
B
(cf. [LZ14, Thm. 4.7] or [LZ17, Thm.A.1]), and
hence (4-52) follows from [Xia92, Thm. 1] since f¯1 is clearly non-isotrivial. 
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4.8. Proof of Proposition 3.19. (1). We prove by contradiction. Assume that F 1,0
B,i0
6= 0 for
some i0 > n/2. Then F
1,0
B,i0
= E1,0
B,i0
, since rankE1,0
B,i0
≤ 1 by (3-7) together with the assumption
that α0 = 4. Let R˜ ⊆ Y˜ and Γ˜ ⊆ Y˜ be the same as in Lemma 4.9. Then
Γ˜ ·
(
ωY˜ (R˜)⊗
(
L(i)
−1
⊗L(i0)
−1
))
< 0, ∀ 1 ≤ i ≤ n− 1.
Hence by Lemma 4.9 and Lemma 4.12, after a suitable finite e´tale base change, there exists a
unique fibration f¯ ′ : S → B
′
such that
dimH0
(
S,Ω1
S
)
i
= rankF 1,0
B,i
, H0
(
S,Ω1
S
)
i
⊆ (f¯ ′)∗H0
(
B
′
,Ω1
B
′
)
, ∀ 1 ≤ i ≤ n− 1.
In other words, g(B
′
) ≥ rankF 1,0
B
, which is a contradiction by Lemma 3.7.
(2). We prove again by contradiction. Assume that there exists some i0 > n/2 such that
rankF 1,0
B,i0
= rankE1,0
B,i0
= 1. Then similar as above, by (3-7) and (4-16) one checks that
Γ˜ ·
(
ωY˜ (R˜)⊗
(
L(i)
−1
⊗ L(i0)
−1
))
< 0, ∀ 1 ≤ i ≤ n− 1.
Therefore, by Lemma 4.9 and Lemma 4.12, after a suitable e´tale base change, there exists a
fibration f¯ ′ : S → B
′
such that g(B
′
) ≥ rankF 1,0
B
, which contradicts Lemma 3.7. 
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